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Math 248, Symplectic Geometry, Fall 2021
Lectures: TTh 9:50 AM - 11:25 AM, McHenry Clrm 4130

Instructor: Viktor Ginzburg; office: McHenry 4124 
 email: ginzburg(at)ucsc.edu

Office Hours: TBA or by appointment

Text: There will be no "official" textbook in this course. Suggested reading:
Introduction to Symplectic Topology by Dusa McDuff and Dietmar Salamon,
Lectures on Symplectic Geometry by Ana Canas da Silva,
Morse Theory and Floer Homology by Michelle Audin and Mihai Damian

Tentative Syllabus: The course will cover fundamentals from symplectic geometry and touch upon Morse
theory with an eye on applications of modern symplectic topological techniques to Hamiltonian dynamics.
We will begin with an (ideally, brief) discussion of basic concepts of symplectic geometry: symplectic
manifolds, Hamiltonian diffeomorphisms and flows, Lagrangian submanifolds, the least action principle,
etc. We will also introduce several classes of dynamical systems of interest, such as geodesic flows and
twisted geodesic (or magnetic) flows, and formulate the main problems in dynamics (e.g., Arnold's and
Weinstein's conjectures, i.e., the existence of fixed points and periodic orbits) studied by symplectic
techniques. Then we turn to a very brief review of Morse theory. In contrast with previous iterations of this
course, this time I plan to focus more on Lagrangian submanifolds -- one of the most fundamental objects
in symplectic geometry. Time permitting, we will touch upon symplectic topological methods (e.g.,
Lagrangian and Hamiltonian Floer homology) and/or conclude the course with student presentations.

It should be said that this is not a comprehensive course in symplectic geometry and many important
concepts (mainly those concerning symmetries) will be entirely omitted or just briefly mentioned.

COVID-19 Information: Please take care to comply with all university guidelines about masking in
indoor settings, performing daily symptom and badge checks, testing as required by the campus vaccine
policy, self-isolating in the event of exposure, and respecting others’ comfort with distancing. Please do
not come to class if your badge is not green. If you are ill or suspect you may have been exposed to
someone who is ill, or if you have symptoms that are in any way similar to those of COVID-19, please err
on the side of caution and stay home until you are well or have tested negative after an exposure.























































































































































































































t
to be discussed later

t.EE
w VxV RWCX YI W Y X
non degenerate
H X OF Y W X Y O

o Ci gem basis co Zwilling
detwij

dim V even 2n dit w deter
dett w

wtt v Vt Indingetcio

Ex 7 basis on W in wn Dabo
sit

w Eutaw

Matica Yo p
Linen Darboux

of

Theorem














































































































MÉTIER
dw o

e co non deg every T M is a s v s

W TM ÉTAM
x ixw

w I Wijdseindog locally
detcwij 0

Note dim M even an

Non deg w o














































































































Examples
a

Edpiadqi dpadq
Pio g Pu fi gGul

obviously dfnfoadpix.uadpadf
standard sis on IR

l IRI same formula
Pi q mode

On cost is transl inv descends to ten

2 M orientable surface orientbility

dw o dimm 2

can be associated with a R metric

3 Kahlan manifolds

1 5 symmetry
w non dy a

non dy

Hermitian
dw so Kohlen

To be discussed in detail letter














































































































4 Cotengentbundles
First time
confusing

M T Q carriest a canonical s f
castrate

TqQ
I

T Q a

Ap O p Io
1 in aPI fjji.gg

t a ga
Get a er Ta

By def w da do do o

Edgeley write x in local condone

Local expression

Pio Put dual word Iggy IRi i i

cooed on THQ should be of oT

K Epidg A

Then w z aping

as for Ken

non degeneracy














































































































PIAF killed by Tx
0 5 aifq.tt I cp qseq
a Epidqi def of pills
10 Zag

7 o Epi an Epidqi v

alt OS
o

I
Y r e ICQ

standard do o

du d ditto o

Nondeg w dpindgitf.FI
P q

I
non des no matter
what o is

More examples later














































































































Nonexaupter
To admit a s f M ks to be
orientate
a

t.EE hn
W symplectic M closed

ftp.t.im
fanastadnita sympl form

PL Assume not Tw 0 co dy

f wk Jan J d and T
M M M

long x o

sign
But w o fawn of dependson theoriatek

I
More to follow














































































































selitomorphisms heethg
zg.az

I
y Mo Wo Mi wa

is

it ftp.t y is an immersion

rkDy dim Mo

dim Mo dimM y is a local
differ

Y Mo Wo Ma Wi

is a syptephism
if y is a differ Y'w Wo

Group Sympl M W Ditto M

seaplane volpreserving
y'twi No

Discussion Gnomon is thin

symplectic vs volume preserving














































































































22 Darb a Moseristhes

Darboux all syliplect forms ofthe some dim

are cymophane
More rigorously
Ihm Darboux Mpw symplectic

I nbd Tsp and a differ
4 CT x

Bayo
s t

w Y ustIn
carbons in D Cmt witu x symple

Xo X

To x t a x and a differ
y TN x to xo set

We Wo

Contrast with diff geometry
syrupI am's are more like
diff shes














































































































Pf Mourishotportant
Result is local canarsuf

MY IRV X 0

Linear Darboux Theorem Wo W onto IR 112m

can be made standard by a fin transf
Consider we Y E wot t w

Wz at o is Wo synpl ona nbd of 0

wont we W

Looking for y wholfo nbdof 0
t
Wo Y We

Then Y does the job
It is generated by the time dependent
v f Of yeses OfCycad

Discuss

Toking for a tianya.sigyte
uniqueness and existence
of solution of ODE

day of Y Wz o

4 hawt 4 wz o

Apply415 hawt We 0 4














































































































LIE III digwt
4 I diewe day

l twottw

Wiggfpoincere

ight 7

I WI a Non degeneracy

Nuance need to know that ye is
defined for te co I

solutions of si Of ex
with initial condition beer 0

exist for to 13
Does not follow automatically from
existence uniqueness
From OPE's sufficient to have Eco o

F at

Modify X an E linen extortion
a

Rmt Sterk contrast with Riemannian
geometry W does not have local

invariants
R m I symmetr tensors
do curvature














































































































i
ytittz ytiytz
y Eid

Hythe sol of Se Vex
with yous se

of depends on Y IEEE
ont

Yo id

Glen panto Mi IR XM

indot time Gift I
flew It then Ytcgnt.lt yes
on theses r a sot of si you
with initial condition seat to

1 forces
ct you

Eo DT
Ace














































































































To be more precise incorporating time

EY qt
YI Ge o

Of se

we have here to O pt got
Tt 4
t

pt
t
ytltcy.tt

lytta 144 1,2T t














































































































iVolume form non vanishington eston

a 7 yo vol form 7 7

f o 2 yo have the same sign
fro opposite sighs

Existence of a vol form orientebility

ii tt iiiof a volume form

the chosen M closed orientable talentsD a bony

7 Vol form and
Easy by
PfSinn San some sign Iggy

I y Ma differ y 4 7

If set

4 i t y tty all volume forms
A

Iffy
same sign
Discuss

Note 12 const ty eons

y














































































































As before looking for y generatedby if
4125

It 412 2 4114 0
see p

Ine date
ff.IT Eisadight

Izz Termen CA

Ex linear alg
T v s peanut o vol form

A Vt
isomorphismo in

I I solving Ct

M closed the flow exists for te to B
Y does the job 21

IL Rigidity in general deforming
ash results in an equivalent star

Eg Myfamily of vol forms M closed

this const 54 2 44 7
Difficulty 4 2 0














































































































sina.in mw
But I some complications

g wosympfo.mu
X Well E Wot t w symplectic
sum of non deg metrics need not
be non deg

Thin Moser

Pclosed

wt const

I Y Ma differ sit

III
look for YEA w

die we If dawe

WI const all if exact
discus cycles

As before WE dy dat day

iqWz I as before

6 Need It to be smooth for cont int
Not obvious at all
Hodgetheory on deRhem deck














































































































Cos Local rigidity of sympl forms
M closed
Wo symplectic

Assume the tow is suffiqtigglose
o T w I Wo

I 4 MD s t wa y't
Pf W M t Nott w

any two X Y
UX II LLYN It trout wexiaaw.ex.es

Apply Global moser thn for
symplectic forms














































































































if 33 HamiltonianDynamics Lecture 4

Dettifie aupes 10 05 204

Ma W symplectic
H IR x M IR Hamiltonian

t Hit o Ht
Autonomous it ind of t H M IR
often l periodic in t 1212

H SixM IR Ha H

Det Hamiltonian v f generated by H

ix w dH F Xu non deg

Xu us time dependent flow
x 5time dependent

44 Hamiltonian
flow generated
by H

Need not be defined for all t and is

not sometimes collisions but we will
assume it s C E g M is correct etc

It Doing dynamics usually interested
in 4th tell H autonomous
on y'T Ken H time dependent














































































































EI.EE dpadg

Edpiadgii8qaexu 8tqfp 84
q p

checking into ftdq ffdp dtl

shale 1122 THR IR xLR
q pH Em pit ttiq kinetic potential

forcep Iq ElmIFtentohis of
q Imp a p mq momentum

2 Cotangent bundle M T Q wst
ftp.M.ouQ Ta Ta

e
w yo

H E THQ IR

Xu geodesic spray
4 geodesic flow MY

ÉjÉd
Describe Et é














































































































3 Iwistectanbundle
M T Q W Wat THT

IT
Q Idf

magnetic field

H
The flow governs the motion of
a charge on Q in magnetic field r

Example a Q IR G Bdf adg
f B

unit charge unit man

Italplanchey is Inexag 91 s

iii
H E q BL Jj J

b Q IN t.f.int 123

magn.fielddr
oedigBggE tt

H E q ÉxB
unit charge unit was

loathed

10














































































































a

Prep Essential
a
EpigstEnettis atoms Then

YE H H Hey Cps coast Up

d
YE W w

S

Core It is vol preserving Yttw ooh

04 450
sow Smits

Huge restriction as dynamics
PL da Hey pi Lx H Ifpi
ixadftiidix.dk c

e d fix ix w duty
THEY ix we die














































































































b da 4,41 0 14,41 4 w sup

yt dix w t indy
Nt d
411

0

a

Ex Prove Me Prep using a direct
calculation in Darboux coordinates

Cos dim M 2 surface
solofODEH autonomous

integral ensues of Yt unparametried
are lever

taffeta

rmt.N.EE EIiisu EE EE a

q Flq q as in Lorentz

Energy conservation FI g














































































































j
ÉÉ

Oh IR Ip
mod at

P q
th tipi cosqt I

met K l
t

p
Hooke's law

Gives the behavior of integral curves up toparametrization
Eardotef EX Not easy

a qe to al H o q cong i h

Tch its period
show that tch monotone in crew
function from 2T to x as h 220h D hi 2














































































































Compare with the harmonic oscillate
Ha p'tq T const4 mama n

b Consider Dy Talk
show that Det C if

Co Find explicitly y 0,2
in elementary functions

I IT t
H z h connected
h regular
A W area of Heh Say
Tch period of tbh

show that data Tch














































































































5 EE ef quadetic msEzg
1122 Q Ej Pgt ifj Z tu put

H I Aj 13.2 93 12812512
Y or just 0

Gouveia n uncoupled oscillators
with frequecies I

E Itch is an ellipsoid
Find Xu and

a it a it

show that Yt z C e z no e Zn

Coordinate axis 0 07j O o n E
are periodic orbits of 4th with I E
Are there other periodic orbits
The answer depends on cars yall

230














































































































b LineanHI
M IR w Nst dpadf

Q Matrix of w

I É multiplication
by i in en Rah

H 1122 IR quadratic form
H a Are a AT A
A TH

HI Je JOHGe JAX XyGes

YE la exp ta a
Dismas a bit
Lie alg liegps

exp spear Spon
u I Yu

Spca lin Han v ft
XI Txt o

rte forms on 1124














































































































Normal forms

FE's si IES spy

Bring a to a.to YiIjgI
to calculate exp Pt se

symplectic normal forms are

more complicated
symmetric

SQST an diag 1 1,0 0
a

GL Lu

sast is diag ex au

n

soft my
much more complicated
lista

Spean Not just Eaglajt
Rush Oilers A 0 then it can be

diagonalized














































































































212021tF Hamiltonian
here to be

ÉÉqk
t Does not

monotone but
usually B

set Ktla X'atHae Get

Ex show that p y't
Ex I altk T t K T Htt

Y YI looking at y'T can
always assume that

L

Ij Y y but
KEO When when
two tent

Looking at y i can always assume

H is l periodic in time the He














































































































a

Efta
Det Y It is called a Hailtonienditter

Rinks o can assume that this 1 periodic int
Can replace 1 by anything

Majesymplite
when M is not compact need to
assume smfh about tr at x

we'll usually assume that this
compeetly supported supp y is comped

Pray The collection of Hom ditteons
Ham Ham LM W is a gp

Rft obvious H is not autonomous
445 4

and its not clear why
4 et is Hamiltonian














































































































Focus on the product
PII Ident to

Kei tell 2 Ft
smooth int when say
HE o for tht

yeen
be achieved

Kt o fo ta o by time cloy

Then Fy generates

Unt for te to is tf
Yi Yi ta te 21,27 id

Yik

so over to 20,23 it generates Yiu
Ham Maw is clued under
the product

Ex

generatelyi 4

IÉ t is generatedby 1 1014,5
É anti HIM

he














































































































Now we have

Hammon n

TT
Ditton lmlcomponent

of the id
should think of there an
A dim lie groups

Onthe level of Lie algebras vector field
team a Syrup

tangents
T
exact i forms c closed l forms

Fritters














































































































Ey shifts of IT

72 113 2 3 Ge y coordinates
Y se y seta y w dandy

Generated by age 4 4
symplectic but not haimiltonian

ixw a dry closed but not exact

Y Ham

whet it 2 some other y
from id to 4

74

gry
9E.g.a l y id

by 4 82 0

But een teh fl 0

In feet in this case yet Ham

and symp Ham H'CIT IR H'T 2

1122123
IT

Non obvious flux et
McDuff Salamon














































































































He Ham v f EM Ii the
Talgibra with eaten
Poisson brocket

H K i W X Xk dunk
Ey Check the Jacobi id

Prove that

H Xu
is a lie alg homo H K 1 Ex XD
co m Ham v f

For IRU

quadrate sp zu
forms














































































































8555 Submanifolds of
temerity tooth

Ineenalgetely
w symplectic v s IRM

he v linen subspace de din
J

orthogonal

obvious properties

Lw W L
Def L is isotropic it

Lali w 2 0 den

o L is Lagrangian it

L is symplectic it
w his non dy in L o














































































































É a dim 2 1 isotropic
o dodin L l coisohopic

Lee complex syuplects
JL L

L Lagu L is real J Lah o

Prey Given L

I Darboux basis e f g en tu s.t

L isotropic spence ez ed
L Corso L span leis en fi gtk
L Lagu L span er la
L sympl he spent bi ti see tr

can All Lagu subsapees a conj bySp au

Chilewise for other types with d fixed
Rule V LOL Laan

LEE
x Iwl

V T L LxL

Ex I coisohopic o LW
2 LW symplectic Wral

Wred X Y Co X Y
merlilts

More generally 2 Ln LW
is symplectic














































































































FÉ gnÉ mine
A manifold

general
chat LOL IRU fixed

Throw some collection

Y Graph P L L L

p XY a PAC p
Y Lagna p is symmetric

Use a quadratic form on L
summetre matrices

dim N hCh














































































































FEE
alex v real v s

J V V J I

Then lati b v at t.JO

Complex linear maps A D JA AJ

Ex A V2 complex linen
A is a linear

Prove that det Ag Idete Al
coz Glen El c

GIF
orientation pres

T Ch e 0 2n

V W AtT'v we vires
J la yl C y se

waplex

But it also has an extra she
conjugation x y else yl

es en basis in W qiseno bare














































































































Functorial
A W W Ae V A
R liven a line

some matrix
o Foday Hermitian product

on w on U

Ocu event and Entry
Saledus.Hermitian
Yw symplectic vis

J complex shr Ed J always
exists

W J are compatible if
e w 4,5 138 x 0

2 JE Sp V W

Ex Y WIX TY is an inner product
and JE OCN 2,2

XYE X Y ti WL YY
is a Hermitian inner product














































































































Lev Lagrangian J compatible with W

Jin 63
V LOG
A 0cL Age TCU

minor generalization
Tcu acts transitively on a

L t L

i a
Then Ae V L Q La V

is unitary
And Sten h coca is Ocu

tch nGlen IR

Ex A ten 0 n Explain
IT A IZ Maslow class
A det A

H A 721 Maslow eH'CA 2

Ex A 11271 81 antipodal 370
Nz 4845 in both factors














































































































É ecemnitl_
Def L Lagu iso coiso sympl it
Talc T M is Lagu iso Axel

Ex dim L l iso

codin L I hypersurface coiso

Ealasubmenifolds
Ex 1 M T Q Q

Let Q

44
ok o La Lagu

da to dd o
4

On if you wish

Y Q Tha
se I Use

4 7 2

17
2

0 Vdt o

da o














































































































Ext W Mx M C W W

y M M T
1 Tye W the graph of Y
L Ge you I see My

M

Ty Lagu Y is symplectic
Y'w W

PI Identity y M My
sea Coe Yoel

I
p

0 4 8 0

way'm so

qtr w
a














































































































Lecture 9

It mg
wd

wa som

Emg
two Lagu embeddings

I whds to ich Tsi'll
s t O ill to i hi are symplector

iE É
LGM Lagu embedding
nbd of his squplectomorphie

T h

hdlctX

HIIIII

Discuss the tubular what then














































































































Ipf similar to Darboux

Le M Laan closed

Preliminary Chin alg
N normal budlejNPTL T M

can be chosen Lagu
NL I T L

Now use ordinary tubular and then
Dishes

to identify a nbd of Lem with
a uhd of L in TL

Te nbd of L in M I whd of Lin TL

to uld of Lin th
Wo w two symplectic forms
sat I is Lager for both
and by construction

Wo We agree onTILTHI stenderdhasymplectic














































































































Set wz l t Wotton
Run the homotopy method

i we adf.pt
H2 O E HELI
Wo W Two L

W l

Nuance D

Need 7 0 at every pot of L
Cto make sure y is defined for te t D

Not only X 2
0

Ex Such a exists by
Not obvious 4














































































































Ibadan
Important question in syupl topÉyT
some simple observations

sik lag
Th x x s 11th
A lot of different enon equivalent
Wg di 4 125 pidgi qidpi

Alan closed Cal E H'LA M inv

Prey Le Roh closed Lagn
X CL O

PI NE TH L L X L

But L 2 0 leg because EL o
in 112M

on by detonation invariance

G Ige does not

admitted

liarembeddings into 1124 clan

Eg Le IR Lagu H'LL IR 0

3 does have Laar embeddinginto Igo














































































































Might hag immersed closed

G L A
se n T L

t Gann weep

Jue M CA 21 Master

Ju E H CL 21 Maslow clan
of L

dem

Ex L orientable M is even

Fait Gromov L c R embedded

M o H to
3 does not have a Lagu em

again

Rut Me een also be defined for
L at Q but it can be 0














































































































6 Intamanifold
contact stir odd dim sister

of syupls.tn
Ment odd dimensional

Det Les em is contact it

and at 0 val forms
dalkenaisti degorientble

g Kera is a contact sh

strictly speaking a codim l dish g
is content dy 5 Kogut
can be made globally g is coonerted

Ite a contact to contact

Ichain clap
ta n I deny fay

n some cooked
SM

2 tht and














































































































Cos M admits a contact sh gnot necessarily coorientable
and ntl even Mis orientable

a contact form
Ajit f R reels of

2 R I

in d2 D

Infect a contact
Kenya I dim
ken dat ker d

Rf her da

g herd

Reeb v f or Rub flow














































































































EII.tt zantlep q z

2 dz pdq on dat poly gdp
are content st.contectfor iruti

R f The st contact form
on shr or IRMA

Visualize.EE EWw
ax

EEL mÉÉÉÉÉmeT
f g convex Motivation

comingx I elf gdp mom

2 7
z is contact

Mam dynamics

R J Nz ntitelnamel Ehr
OI H const reg

Then R f Xu on Z

470














































































































More generally
1

0 2 2027
TFW symplerk

Det E hes content type it
w z hes a contest primitive x

da w z an 2 I 0

Them I H const resulen
R f Xt on E

Rd Not every closed hypermeter in

122h has contact type
Ex Weinstein two spheres

EI z et Q fiberwise storshepped
A pdf Liouville form Motivation

geometric
A z is contact optics

I fiberwise convex Finster metre
Reeb flew Finster geodesic flow

Exh Fact every closed orientable
3 manifold admits a contest

necessarystructure

Exiteths
Discuss in
more detail

contact topology active area














































































































Attested
is locally differ to the standard
contact form on 112471 I cord pig Z

Iw tprove
D As a consequence of symplectic
Darboux EX

111119s
crossertion

d2 In symplectic

didday d In a a dt
an anime 0
at o

z time of Reeb flew from N f
2 Use Moser's homotopy method
directly














































































































IE ai tm
cannot expert as to be differ to
each other
as m Rs u dynamics danger with s

Ex E e IRM a family of ellipsoidst

H 11 quadratic flame

Ez Az E e 3 y
Rt Xt Ry
Ave have seen that things depend
on eigenvalues

FE

closed
contact 4 s t

wtaap.net z
f

Manti E Ker Ly
I 4 ft o 471141 Lo

PI Moser's homotopy method

Rmt Disagplectiation
500














































































































AgImpecuteettopology
woriented content sh

ne Ea Reeb nonavaning section 83of TM
the hump yn

jj

of 2
A top inv of g

A section of sting
Eg Me 3 ST 3 83 8

homotopy types of section

8cg E I 38 IT 83 2

Each ofthem can be realized by a
contest oh and those correct she
are not differ to each other
standard no 0 8 Est
But I exactly one contest she got
with 813oz 0 8 Est

Describe

É

in 1123 in 3














































































































Lecture 12
857 ElementthorsethIL n oz

Not directly related to symplectic geom
but extr impotent on its own

connections with many things
in c s g ODE's PDE's everything

i tÉ nsn
peth space

f X 112 a function smooth

Lokinptsoff
Does it have them How many ete

Ix ga
oc se e Q Rieman manifold

X path connecting se se

12 to aiming

j Fix a R m metric on Q
THQ IQ potential

858 H Ip p veg
energy














































































































fca I H 8,8 Idt
t.gr ee LAP

integral moves connect's
2022 is time I

Eg U o geodesics from 26 to 2

oaf
2

Raftery
b X loop sped

To a
Hopf Rinew
closed geodesics

Hadamardf the same

LAP Critic periodic traj of 4,5
ofperiod 1 in THQ

E.g closed geodesics

Etc Everything of interest
in physics is a crit pt
of some functional

calculus of variations 530














































































































Iinitualsettily
X Ma compact coz even closed
finited dim manifold

of m ir flax const

Emeathethave
Notrivial even in simple cases
Assume M is closed

max f hint critical values
Anything else homes
In general Yes unten M I 8h
But nigh be fewEeritmin
EI construct fight

with exactly 3 critical pts
sketch the levels for 2

Ed In
The third pt Monkey saddle

Situation changes when we

empose a needy condon f
satisfied generically explain














































































































Definitions

PEM Critical pt off M IR

at ettoffiliotmant atom is the quadrates

off TPMxTpM IR
v w Le Lyft p

14 Ext of raw
to v f

Ex show that def is well defined

1

symmetric
In local coordinates see you
d f I

on pining
dnidnjDo some of it

They assume that def is non deg
Morse index of p index of def
Tf it Kitten

Ex p max index n

p min i index e o

Det t is Morse it all its critical pts
are non deg

Note Mouse functions form an open and
deserted 550














































































































Imm c
F

4
is differ to its Hessian H d't

F y fu p Mp sit

I fay y f Ht fep
1

IE y fa.im
Rmt o one of the normal form results

Another example
dt o F Ger sent St YÉÉTutly

for fcp X

More generally the local noms form for
submersion also immersion

Similar questions for other
objects vector fields maps etc

e E g U v f
V p 0 F Rr on

x fan
what if ocp o

Pf Moser's homotopy method














































































































M tomology t m

f M IR mouse functions Hurtubise

Critects the collection of criticalpb
of index k

Fix a ground ring I 3 on Q on Zz ete

CM CA free module over IF

generated by crit f

Eg Height function on Ig
i

ke

Cmo IFmum

g
saddles CM 29

CMz I

mis k o a

Goal turn em into a complex

o CMF CM ICM ICM o

go
that

ÉF y
570














































































































a Efta dimg.tk
ii t

PfT dimMÉdtI
b Ex Eetinghft van

Cx a complex over IF

show that ox can be decomposed as

a sum of elaterycouplexesexplain
check Cbs to an elementary complex

Yet a different formulation set
Itk P btk Poincare Pol

Then
Q H Pet Ht

Wet O

E Prove this alg some method

Ey A mouse function on Ig
has at least get critical pts

Rud Morse inequalities can be further
refined














































































































EIEdt.pe m

while em f is completely determined by f
a depends on an extra stn a R metric

on M

Fix a R m on M hasto be from a
certain openanddensesetof R Mis

consider the antigradient flow of f
se fix I

set Mee y 2144
t

y
Et by t to

o se

iffy
Denote the index of se bypoet

Ite dim Mac y 1 it 0

Thy Fon a generic metric
Mca yl is a smooth manifold
of dimension yeses pays

Discuss in detail

generic00 01
is














































































































onatptheorem
Get z I ytcz x t 7 x

Ws Cod L t to

stable unstable manifolds

AsMamma bagged
Look at the

WSCoe Dtr peas
examples

Mex y W Ex ninsly
If Wnba A Wscyl

Mex y is smooth and
dim Moe ykdimwubeltdimw.ly n

Mouth ply n

M se ply
How to achive transversality
Look at franca n fee newslyin f e

fly sectors perturb the meth slightly
p

veg above e to alter
a

ton Bythm for a generic metric

Mcy poses Mla g p














































































































maadi perspective lgytg.fm
Mix yl thespapemested

from se to y
17.1.51 trajectory initial condition

Time shit 4th z ytcz
I ytttez

free IR action on Mex y x y

ftp.t aietef
En Abe y is a smooth manifold

of dim Mex ply 1

Eg Macs ply 1 A is diser

More Emrys D 0

Note o M M are usually non compact
Geometrically A con be
identified with half c

toy cc toe
p
regular














































































































The Messy hiii sharp'actthicition
formed by broken trajectories

such trajectoriesx 20

z zmz we ZE YMake it Y t
form a compact

precise jazz manifold withcorners

Rmt tens fiz s fly
pulse felt l M ly

can Meal My I

A compact finite collection
of pts

a finite many tray from se to y
for a generic metric














































































































ÉÉwÉtie so tut all the
th mis hold

deCoe ply I

Over 2 2 Set

227 mix y Mays mod 2

É yy
tmy

A

Ex Do these

Etsy Gif
and hence any ring

Need to take into account orientations
Fix orientation of Taw se V x

co orientation of Toews x

orientations of wales
orientation of Weese














































































































orientations of
MGe y W Cal n Wsee

then plateMcylt
Mea y disj union of finite

of trajectories
Each trajectory tis also oriented bythe flow

Two orientations

sign 2
t orientation agree
I disagree

And
Mex y I sign in

any

I I
Thattosexauple
again














































































































check.hr d0 is acoapI

sake of simplicity over a

doc 0 I mix y y
jungly't 2 messy Mey Z
MY M

2 y zymcsgylmty.tt
ftp.jertorisionebrek
from se to Z mod 2

yÉf But Mex y one dim manifold
its compactification Star I

closed interval
broken trajectories come in pairs

is even

I misery mly
t 0 mod 2

D o a














































































































Set HMLA Hy CMA O fixedcoefficients

Inmentorsetheorgt

n
independent off
We have already seen some

consequences Morse inequalities eh

abnoffthept
classical Morse theory

MEEEE
u

affair
Critic ft m w cool cells

er t
Morse complex
CM If a

Cellular complex
of M CCM

On Now

H CMA thx CLM Dew
g

Is Audin Damian














































































































Important
Teamed have established
the isomorphism

HM to HM Cf
without going throng M M

Method
1 If if not necessarily

Monte

CM to erect
anison

Mt to HM fi














































































































Applice A quichlook Leuture is
11 16 2021

Two types I Ke hdsouterity
t Morse

T.EE iIITnae
Crit f s by dim Hk M

iiCn't CA 3 I be
Morse

Eg o f In it enit A1 2

Chit f ntl
o f on Eg Chit f 242g
Etc














































































































2 Calculations of Halm using
Morsehomology
H M 4 1 MIA Elvery difficult
works well when 0 02 to deal with

in general
Examples over Z on F

Ose yet y workout
jpg unstable trap

Yat Ya ofY Yzo
should come
from se

Orientations
y O

Yr
f

F

Eg
g

k

K l

IF k o














































































































2 E ZoI
Ph Zo Z l 1 I 1812 1

to C X C An convenient to
not assume

Ex a Chit f coordinate axes

I CO go 0 0 Xj
b In coordinates

U Yo guy 1 Uj g gun
near x the Hessian is

Ao Tillyof X Xj 14,124 skip4 7

A is Morse play 2j Zj isa complexO o

Hucers I L














































































































some details

a Lagrange multipliers

I p I
19 1

ait pts
Ig e of

Ig I 2 2 Zi Zu
I act z a za

hit pts
coded axes

b Hessian say at se 11,0 0 j o

U Up 42 23

ten 3tÉ Here keg oh

É
But here

k b h

hot I Dal Ye
2 I 2141251

To I k lyk R Zo 21461

Xo t.IE Xe Zo Ual














































































































3 Dhaka
similarly IRP Cyo L 121412 1

fly E Aj ly t

Ey similarly
a Kj Co go j

o got criticalpls
b Hessian similar some calculation

Men j
c 0 0 over 22 exactly two

trajectories from sejt to Kj
for the round metric

i
x x xo Ipa

ohhh
Hal IRP 212 otherwise

Rut over 2 border orientations














































































































capplianos
Gal Poincare duality
KM Cf CMm f m dim

HIM Hm M Hm M

Diff Topology Handlebody decomposition
3 manifolds
clarification of surfaces

The Poincare conj classificationofmanifolds

More homology calculation
Loops spaces closed geodesics














































































































a Amd jea.gehetsdinitious nou degeneveey
28 2021

p Ma

Def axe Fix y is non def Grophly
I de

gINo eigenvectors with eigenvalue 1
Graph y data C Mx M

Y is non deg it all oceFix e
are non des

Rml In any reasonable clan
call smooth symplectic Vol Pres
Hamiltonian non deg is a

generic condition

Rut any H
Iyyar

Uta C the T periodic
non constant

se is deg fixed pt for et
Xu a is on eigenvector with
eigenvalue 1














































































































A ruold

mjectuecouj.eeAc Il ee i LM w 2 Ham

closed

tiny
EdithHelm Ute non deg
CCLLtd 1 in general

__

same as for critical ph
of smooth functions

Rmt One of the most important questions
in sympl geometry Floor theory
Motivator Poincare's work in
celestial mechanics non trivial path
Arnold staked it somewhat differently
Non dog case is pretty much proved
by now Flom Fukage etol

Deg case is still open for manymanifolds2 2x 2 with areas 4,5355














































































































s E n.am rougioninl

etiousiIkmofLaudenbaek Siku Also coujby A

if dT Q D Hamiltonian diteo

t.ieoiE IEfTigei I
d

much easier L

T.to Q

Ex Prove for Q 1 explain
a df L graph df et Q
L yCQ Icq plqgptdfsHlqsp3

fiqsAGtIoIie1wYIMgtlam.di Heo

L I CA Lagu
A Ln A 3 M

AC I AC I

Icseg la yay I














































































































Bettor in many
instances

om een expect to cello have

many Ewtersections

But not always

EEIffffengirde
y rotation
cello's a lo f

B A

EI H M R autonomous
crit H a Fixed

Note xe Crit Ltd au be non deg
as a crit pt but deg as a fixed pt
E g Hep fl T p4qY

But yµ id














































































































Further evidence

He
c

ia.name

1
Fix Cy 3

versions

just y Hapfe
on all 4,9

Grey e Mx M is C close to A often
Weinstein tub whd thin

µ
Grey Grc 2 L

tht
M image Gacy zero serhior

a section
Mx M T M

lagrangian L is closed

y Hamiltonian xisexact
TAM k fee o

YEP
barium

Hµ H any loop in L














































































































But fyrd Flux y 81 0

Nuance easy
when y I id

Need work when only 4 id

Flux conjecture I

a df
Ln M CnetCf

Apply MouseTheory on Ls theory
d














































































































PfofEc
T lo wg Mor.seoytonAeheeFuueh owal

M exact co DX
E g IR on 1 M

Hi Mx R 4 4
1

Fix ly a 1 periodic orbits of YI
fees

ytx

A c C g M

Au A IR action functional

Auch t f
tHHdtF

chit CAH 1 periodic orbits of Ute

ecn.itLAH Me van of Ro

Fa
DDI AutreYeo

E Eeo
to Pfix 1030














































































































M closed w 1
2

0 Jw
E G T

2 m Egs

No contractible leaps But not ph

Auld I w t J t.ec ttDdt
air
M

well defied Jw o

Ati No IR

www.l peroodreobib e fixed

y
Thun 1 LAP

aitches 94 ffeiffen
Now do Mouse or LS Theory

for Any
EEEEA.eu

Maybe come back to it later














































































































Weinstein conjecture

ce I Aztec
Manti I contact formp

x R I
closed manifold Reeb v f da o

Reeb flow

Coej Cwc Every Reeb flow on a closed
confectureuifold has a periodic
orbit

Extremely difficult by and bye open
some results

M 2
e IR star shipped

Weinstein late 7Os

M 112 confect type
Viterbo Bos

dimM3 Taubs level recent














































































































Elements of Poisson Geometry10

A Poisson algebras
a commutative algebra A over IRord

A is also a Lie algebra
Product rule
If gh3 fight GE 1,23

Def A Poisson manifold a manifold
P set c P is given a shr
at Poisson algebra

EI A symplectic manifold
with Poisson bracket
t g Wtxf Xg dflXg

g dgcXfl
Note Jacoby identity dw o

Any manifold with f g o

Any Lie olg with t.ge o
is a Poisson algebra














































































































Poisson bi vectors

Consider sections of AkTp anymanifold
Notekia Pk
3 a bracket Schouten Nijenhus

E Ixtle Thee st

a and a bqc fDla bl bata c

product rule czatuc1btH
EEa.b C Eq Eb c TED Eb Ea CT

5

ee b.eu
EI I E l ET GT3
Prof ALA definition

P step set
It g3 sdfndgju

By constr bilineen Product ask
Jacobi IT T o

conversely CP I Poisson
I ite Tz s t holds
and it 4 3 0














































































































Onthepfe
Eat I3 o Jacobi calculation
3 cus IT

it is characterized by
Larp at at every pt
Ifrdg at a pet
f g

In coordinates D 2 Itij infze
Then Tej Loei uj Cdxindsej t

Gag
itemized
Xf Elton If 3

2 9 Itg3 edfndg.az
RT Ttp Tp

x 1 3 27T
df Xf
doe 2 Tejada

EI Co non deg 2 form on M

W Tim T M non deg
i w

set IT 5 TIM TM

A C Pz dw o Eat O














































































































ta mr.f.cl oissouv f Cx1Lxn Ex I3 oJ
Note even locally a Poissos v f

need not be team Big differencewill syup gear
E g 5 0 every this Poisson

nothing Hamiltonian

XH.gg Xp
E Xy Y X yf

Ham v f is an ideal
in Poisson v f

Symplectic Foliation

it 1 p p
im et Spon Han v f at se

sign integrable distribution
v W toyed to EarW3istougest

ThemCFrobenius
V se F Fa P 2 I immersion

s t Hey c Ia Ty Fa By
it is tangent to Fn symplerhr there

Lfa syupdezh.eeFoliation
same lets














































































































Ex
M W symplectic w IT

only one leaf
P Teo leaves pts

ee 7 11122 x y I fcx.gl nef
yautomatically EI 43 0

La g3 fc2 gl
Leeves opts on If o l

connected components of H of
octahedra g't
It
glenny 7k41g day

Jacobi fancy Jacobi for 2 I

Syuplectre Leaves coadjoint orbits

Subexamples cSUCH solos y IRS
SLC2 1123

Ex 43 4 Irs
Lse y se XT














































































































IT 3 X y Z

it a tbfynfz cfzag.dz
IT IT O rkT 2
leaves on ble deuse
Even locally a Poisson Ham

E g Iz ate of Poisson

Poisson
F CR T Pz Iz

is Poisson if H seep

DEE LI CH Iz Fact

F't i e CR e CP uroyphose

of Poisson algebras F't ftp LT fF

g3dimPdiuPz DytTzsyhplertve
Poisson symplectic














































































































Mematinep sand veduction
revisited

M w symplectic

Ey
G gp acting on M by snupleetown

E M eg't is a moment map if
It go by gatt
Xh me

i f ou M generated by g
h
S
M eight IR

Might ou not exist
Garth ly't irk with it

Just as before

Nodel I is Poisson I is equivariant

can do reduction

I lo IG syuplectre
Assumes smooth etc

I G IG sup Leche
SLabCd

Eg Con get coadjoint orbits free T G














































































































Poisson cohomology

Recall the PC HTP

to T X Pz
f A Xf

X 1 3 x a J

O My PK I
w EW IT

Jacobi Eis 43 0 02 0

Def Poisson cohomology
HTTP til P

Usually very difficult to alcalate

Ex IT O Hbf P Pk
Te w symplethr TP T B

Pai CRY d de Rha

HELP tittup P

Http petshwplate

thy deformationof a

Hafley't Hey Cash














































































































FI
M closed

Ye symplectic isotopy apath
in symp starting at id

H
Sf 3 M a leap

M To 13 8 3M
It 011 34,18101

it

s
Prof
a FIMependoty.ae the
homolog clan of 8

homotopy

clan of Y with free end pb
b Yt is Hamiltonian at

Flux 81 0 t 8














































































































By a con think

FIT H M IR with Y lived
or FIX E H Mj IR
Alternative description

Ignited
4 symplectic It ixyw is closed

Then

of

Jae at I 14 L dt

É.tnfayNowb
iscteenyIIEITI Hamietonia

tf
His exact dat

Inde f day
o on from

this

loop














































































































Pfof a homology clan 23 0

8 02 strictlyspeaks 2 0102
r M

I
o to 13 5

E
m

4 1018 OH 4 01 N

d I'w I dw o

o Jatin
t

out 1
Ease

IfIstoles

not Elixirs o

similarly for the homotopy of Ytuniversal coven's yTo summa viz

ÉFFETYLEt

p H.im














































































































In general Flux does not descend
to Symp

not homotopy
May haveTt Ey Ly FILEIii

consider the loop 4 4 Y
Alr FTaxly FTaxey er

Jw Nt
x M
t 01 I 4,18105

Ay depends only on the homotopy
clan of the loop if
A T CSyrup H M R Gordo

P im A c H Mj IR

Noy we have

ftp.HLMIFlux Ham 0 Prop














































































































tangasate name

ye symp is Hamiltonian Flux y of

MIMj1R1
clean anyway
ix we de closer

team Sympo
RI mpani osypu.f.iiii.it
Eml Flaxcoujecture

P is a diser subgroup of H
Work McDuff Lalonde Polterovich
ultimately Kaoru Ono 2006

Ex Assume that w is integral

on rational to e the Mj Q

In essense 5,1431
o Z




