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Math 248, Symplectic Geometry, Winter 2020
Lectures: TTh 1:30-3:05pm, McHenry 1279

Instructor: Viktor Ginzburg; office: McHenry 4124 
email: ginzburg(at)ucsc.edu

Office Hours: TBA or by appointment

Text: There will be no "official" textbook in this course. Suggested reading:
Introduction to Symplectic Topology by Dusa McDuff and Dietmar Salamon,
Lectures on Symplectic Geometry by Ana Canas da Silva,
Morse Theory and Floer Homology by Michelle Audin and Mihai Damian

Tentative Syllabus: The course will cover fundamental from symplectic geometry and Morse theory with
an eye on applications of modern symplectic topological techniques to Hamiltonian dynamics. We will
begin with an (ideally, brief) discussion of basic concepts of symplectic geometry: symplectic manifolds,
Hamiltonian diffeomorphisms and flows, Lagrangian submanifolds, the least action principle, etc. We will
also introduce several classes of dynamical systems of interest, such as geodesic flows and twisted
geodesic (or magnetic) flows, and formulate the main problems in dynamics (e.g., Arnold's and
Weinstein's conjectures, i.e., the existence of fixed points and periodic orbits) studied by symplectic
techniques. Then we turn to a review of Morse theory with applications to Hamiltonian circle-actions and
homology calculations. Time permitting, we will touch upon symplectic topological methods (e.g.,
Hamiltonian Floer homology) and/or conclude the course with student presentations.

It should be said that this is not a comprehensive course in symplectic geometry and many important
concepts (mainly those concerning symmetries) will be entirely omitted or just briefly mentioned.
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f i M IR Morse function
enitects the collection of criticalpb

of index k
Fix a ground ring IF 3 on Q1 or Zz lte

Cmi Cf free module over IF

generated by crit.lt
Eng Height function on Ig
max k 2 O

CMo IF
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Coe Morse inequalities
IF a field
I t H fC k bk

b Ck Ck itCk z ICo 3 by be it I bo
pf a cue dim CM 3 b dim HM

b Ex Purely algebraicstatement
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check Cbs for an elementary complex a

Yeta e n set
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Q A Pct Itt RHI
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Ex A Mouse function on Ig
has at least 2gtE critical pts

Rush Morse inequalities cee be further
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Be Ifla I

set Mae y z y ya
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Denote the index of x byprod
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NLte dim Mac y I if 01
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of dimension poses preys
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stable unstable manifolds
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examples
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For a generic metric
Thin M Go yl has a compactification

formed by broken trajectories
2 Such trajectories

Mohe f Hoz a Zone 7 z y
2 4 form a compact

precise f Zz manifold with corners

Rink f en fez fly
pulse pet41 pity

core µ cut fly ti

it compact finite collection
of pts
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fecal fly ti
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duhem plate µcyl 11
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I disagree

And
men y sign LH
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I I
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Set HM f 14 1 CMH1,9 fixedcoefficients

Tlnm Morse theory
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Rinko As a consequence 4 h s is

independent off
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consequences Mouse inequalities its
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A Morse
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Morse T
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ME gift attained at
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at least 3 closed simple geodesics
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I deaofth p.IS Completepf Ball mean 19781
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RP queso.si fIh R

A
homotopy equivalence

non obvious
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N length of 8

Do LS theory for Lou N Hard
analysis
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CHA I lower bound 3
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More clanical approach
Critvalues
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All inequalities are far from
sharp
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8 Hamiltonian actions

Lin acH

Gene E
G compact gp action on M

Fix G MG fixed pt set

PE MG action ou M gives rise to
a linear action Cake representetio
Gn Tp M

Thm Linearization
3 an open ball BucTpm

an open mhd Egan
and an equivariant commuters with G1
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RI A very general method averaging

AnoNppli i.G cowpat
admits a bi inv metric ete

Ass umenow teutuisyuple utie
and the G action is symplectic

Thg Equivariant Darboux
the previous couch I can be

f

c
l

Pand an equivariant commuter wit G1
sympletto Bo 4 p

Wp I't w

PL The previous method does not work
But Moser's homotopy method does
every step is G equivariant
with some minimal cave
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generated by H M IR

EI M IRM an
DH I Tj l2J14 Jj E 521

a weight function on 2

I I p
Area 4T

3 IT 2 x ca g H Catto y
yt

symplectic but not Hamiltonian

Few manifolds admit compact
group actions
E.g is the only curfew with

a Ham circle action Pf soon

Few manifolds admit gp action
Ex Thou Thet Eg hes no actions



Equivariant Darboux

Tpm 3 top
Diet 0 G

dit quaheh H

Q
Q generates Et Dyt linear synpl
on Tpm 4124 action Ham
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Q I 7jlZj1 Tj C TZ
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fixed pts
11 II
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Meanwhile Cov I Hoed 1 0
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Symplectic reduction for Hans S actions

H M R a Ham generating action

IH 01 2 neg level
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een be anything

action on 2 is locally free
Xu O

Pf Xµ o DH o not a reg value
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Assume furthermore that this aether
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Pf Existence
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phhesTsyupl.tn ubini stud y
u
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2 action Hopf aches

tidy Hopf fibration
4

Generalization
Hamiltonian lTk x x action on M1 k o

k

Hi generates action I _Cth Hel
2 10 moment creepI 0

res value
Tk action on 2 is locally free

Assume that this action is free
211k B is smooth
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Digreuiou complex shr on Eph

Almost J TMI J I
Mohes every Tpm into a complex v s

and TM into a complex v b

GREY cover by weird charts g
with values in au with hot transition mops
y y open is a open in Eh a trot
Dfl Yj't is complex linen

a well defined almost complex stir
on M C couried over from h

Thin Almost complex she on M
B with some integrability corker

complex sh o µ
No o

N a Iirenherg t.in
Ng X Y EX Y t J JX 4 tJ x JY EJX 93

Nijenhuis tensor
Cien dim in 2 J is automatically integrable
PNot immediately obvious but follows
from the formalpropertiesof Ns



Let now w be a symplechee str
W Ja compatible if
g lo w ie colo Tw is a R m

gtiw is calmostl Hermitian
i.e Hermitian on each TpmJpl
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almost complex she and the latter
is unique up to homotopy

lyR4a

kLine_aaHai5Vw7syupl.us
The space of all linear Jls coup with
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McDuff Salamon details
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Back to Eph

Eph complex club complex shr
How to see it from synplechee reduction

c zph 1
Teliberfeint w J g

E C T c T anti
Pmeximal complex subspace couneaha

onHopf
E T Corb b T 2

bundle

JV normal vector field

pu
CE JJ Tapir
is a complex lime osom
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Core A smooth alg variety aka
complex submanifold of Gpu
is automatically synpleeke withl
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syempkeh.edu ouMoveexa

upleseoaIoiwtorbib
G a Lie gp
ey Lie algebra
gut dual space
G acts on ig adjoint action
Adg G G

h 1 ghg
i 5 Adgle e

DAdg Teco eyed
Adg

Explicitly Adglqt adzgexply.ttg le
Now write ad.g adzAdexpests It o

adgty
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Fact algy ES y



G acts on ly't via the dual action
coadjoint actions Ad

g
ad
g

ADITI yl I CAdgyl

lad
Ig Hey laded

Ee G Tcu on Soar coupect
by Ulu ou so h

Aidgh ghg matrices

Adg ggg urchins

compact binuariat inner product

oneyT Ad inerrant
Explicitly es y they
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Adga gig X E ey ey
oddest E 3,73



The Ocey't is a codedjoint orbit
0 has a canonical syupls.tn
Kivilou Kostauts.shn7

several pfs most natural via sywpl
reduction of the G action
on THG

12 71 Think of 2112 so cos

construction of W
G SOC3

2e Ga X YET
x adgx Y aditya

Idf welled need ad X avg.pl o
But a4g y's ad Hly o
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closed outline Recall i

dwelt Y Z
Lx W Y Z Ly w x Z LzWC x YI
t w C x YJ Z w C 4,23 X 1W SIX 23,4

Apply to our w
dw Jacobi identity in ay

EEE 43,33TEEy33,83 123,3343 0

Rm_L The construction for a

2 C IR so 3 So c3S
X YET 2

w X Y Ex Ex 43 ironer prodat
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0
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action is conjugation ggg
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The
g fi sitesign
Full Recall

0 7 FI ifoldiuC htuedefiuihau
VCh 1Tha stebCg

diagonal whites
gg sg

symplectic stresson a Flag manifold
depends ou g s h

depend
ES ff le z pies

similarly partial flags e.g
Grace mannians

foisis
Eg k 1 on h I eph



Rate Tobe G Soca

cg eg soars SI g
corrected or not

Dont get all real Tumours
stabilizers are more couplicated
E g obviously cannot get IRPhor
but can get some E g GEC2,45

on
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tyIplext lagmeu.to ds
sample Application of Mousetheory

M Full Flag manifold in an O
Vcu 11Th diagonal cookies

Ithm E din H M n
_K___

Rink One can also calculate individual
dimensions but this more involved

Pf Outline
M C U Ch U Ln

Then The Vcu acts on M by conjugation
Intee identification M Tcu 15th g Th
this the left action

By construction this action is
Hamiltonian
M tmep

Me rich th RL
Uch the i IRL

Fixed pts obtained from by
permeating the components
Needs a pf I



s
w fixed pts

ya th gives ruse to a Hamilton
v f on M with Hamiltonian
Hi Mes Ulus Eth IR

Assure that generates silent
H generate an team action

on M
For almost all ath
I mis MT I n Disuses
Reese only finitely menig different
stabilizers Tobe t to all stabilizers

I
All points heve ever indices
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Edin Hunt 1M k n



9 Ar notd qs edakt
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p MD
Def ee x C Fix Cy B hou def Gogh ly

f det I a
Tam 2No eigenvectors with eigenvalue 1

conophly data cMxM

y is non deg it all ocefixle
are non deg

Rmh In any reasonable class
Call smooth symplectic Vol Pres
Hamiltonian non deg is a

generic condition

Rule Warning H M IR

syuplerte2ytejcLH c1oT.p euro doe
non constant

se is def fixed pt for 4TYet Xµ se is on eigenvector with
eigenvalue I



A ruold

mjectuecouj.eeAc Il ee i LM w 2 Ham
closed

tiny
EdithHelm Ute non deg
CCLLtd 1 in general

__

same as for critical ph
of smooth functions

Rmt One of the most important questions
in sympl geometry Floor theory
Motivator Poincare's work in
celestial mechanics non trivial path
Arnold staked it somewhat differently
Non dog case is pretty much proved
by now Flom Fukage etol
Deg case is still open for manymanifolds2 2x 2 with areas 4,5355
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t.ieoiE IEfTigei I
d

much easier L
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Bettor in many instances
om een expect to cello have
many Ewtersections

But not always

EEIffffengirde
y rotation
cello's a lo f

B A

EI H M R autonomous
crit H a Fixed

Note xe Crit Ltd au be non deg
as a crit pt but deg as a fixed pt
E g Hep fl T p4qY

But yµ id
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He
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Fix Cy 3
versions

just y Hapfe
on all 4,9

Grey e Mx M is C close to A often
Weinstein tub whd thin

µ
Grey Grc 2 L

tht
M image Gacy zero serhior

a section
Mx M T M

lagrangian L is closed

y Hamiltonian xisexact
TAM k fee o

YEP
barium
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But fyrd Flux y 81 0

Nuance easy when y I id
Need work when only 4 id

Flux conjecture I

a df
Ln M CnetCf

Apply MouseTheory on Ls theory
d



PfofEc
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M exact co DX
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Hi Mx R 4 4
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Fix ly a 1 periodic orbits of YI
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air
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Ati No IR
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Thun 1 LAP
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Maybe come back to it later



Weinstein conjecture

ce I Aztec
Manti I contact formp

x R I
closed manifold Reeb v f da o

Reeb flow

Coej Cwc Every Reeb flow on a closed
confectureuifold has a periodic
orbit

Extremely difficult by and bye open
some results

M 2 e IR star shipped
Weinstein late 7Os

M 112 confect type
Viterbo Bos
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Elements of Poisson Geometry10

A Poisson algebras
a commutative algebra A over IRord
A is also a Lie algebra
Product rule
If gh3 fight GE 1,23

Def A Poisson manifold a manifold
P set c P is given a shr
at Poisson algebra

EI A symplectic manifold
with Poisson bracket
t g Wtxf Xg dflXg

g dgcXfl
Note Jacoby identity dw o

Any manifold with f g o

Any Lie olg with t.ge o
is a Poisson algebra



Poisson bi vectors

Consider sections of AkTp any manifold
Notekia Pk
3 a bracket Schouten Nijenhus

E Ixtle Thee st

a and a bqc f Dla bl bata c

product rule czatuc1btH
EEa.b C Eq Eb c TED Eb Ea CT

5

ee b.eu
EI I E l ET GT3
Prof ALA definition

P step set
It g3 sdfndgju

By constr bilineen Product ask
Jacobi IT T o

conversely CP I Poisson
I ite Tz s t holds
and it 4 3 0



Onthepfe
Eat I3 o Jacobi calculation
3 cus IT
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Larp at at every pt
Ifrdg at a pet
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Then Tej Loei uj Cdxindsej t

Gagitemized
Xf Elton If 3
2 9 It g3 edfndg.az
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x 1 3 27T
df Xf
doe 2 Tejada
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W Tim T M non deg
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set IT 5 TIM TM
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ta mr.f.cl oissouv f Cx1Lxn Ex I3 oJ
Note even locally a Poissos v f

need not be team Big differencewill syup gear
E g 5 0 every this Poisson

nothing Hamiltonian

XH.gg Xp
E Xy Y X yf Ham v f is an ideal

in Poisson v f

Symplectic Foliation

it 1 p p
im et Spon Han v f at se

sign integrable distribution
v W toyed to EarW3istougest

Them CFrobenius
V se F Fa P 2 I immersion
s t Hey c Ia Ty Fa By
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same lets



Ex
M W symplectic w IT

only one leaf
P Teo leaves pts

ee 7 11122 x y I fcx.gl nefyautomatically EI 43 0

La g3 fc2 gl
Leeves opts on If o l

connected components of H of
octahedra g't
It
glenny 7k41g day

Jacobi fancy Jacobi for 2 I
Syuplectre Leaves coadjoint orbits

Subexamples cSUCH solos y IRS
SLC2 1123

Ex 43 4 Irs
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IT 3 X y Z
it a tbfynfz cfzag.dz
IT IT O rkT 2
leaves on ble deuse
Even locally a Poisson Ham
E g Iz ate of Poisson

Poisson
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DEE LI CH Iz Fact
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Mematinep sand veduction
revisited

M w symplectic
Ey G gp acting on M by snupleetown

E M eg't is a moment map if
It go by gatt
Xh me

i f ou M generated by g
h
S
M eight IR

Might ou not exist
Garth ly't irk with it
Just as before

Nodel I is Poisson I is equivariant
can do reduction
I lo IG syuplectre
Assumes smooth etc
I G IG sup Leche

SLabCd

Eg Con get coadjoint orbits free T G



Poisson cohomology

Recall the PC HTP

to T X Pz
f A Xf

X 1 3 x a J

O My PK I
w EW IT

Jacobi Eis 43 0 02 0

Def Poisson cohomology
HTTP til P

Usually very difficult to alcalate
Ex IT O Hbf P Pk

Te w symplethr TP T B

Pai CRY d de Rha

HELP tittup P

Http petshwplate
thy deformationof a
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