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Inalsystems
Lecture 1

Go through basic info
No exams no hw
Problems stele in 1

opto them how much they take home
OH by appointment

Plan
basic concepts and examples
elements of ergodic theory
maps of theDenjoy example
local normal forms Hartman Grobman
and local analysis of Ds

hyperbolicity horseshoes

topological entropy varyingdegree ofdetail
Not a comprehensive course

Examples are often
non trivial and very important
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iÉÉ d Ég ai g us
usually compact e.g a manifold

y M M a map continuous
on smooth often but not always

jiff
invertible Interested in y't ke Mor 21

2 7 Co M M on TCM M
semi group homomorphism

on

tht
a flow on M

Homes M on DiHeo M
group homomorphism

t a yt ytittz ytlgtz
et.FI of states of a

deterministic system
t tak time

qt yk the evolution of the
system

Eg i and unset
Y qt

e initial condition



BI c.DE f
M a manifold c e g a domain in IR's

given a v f ODE complete
pt the flow of it
4th sol with the initial

condition se

on y qt
Dynamical systems ODE is

But focus is different

In DS we are interested in

qualitative properties of y

explicitly
S Eg The behavior of toes as t x

for se in a certain subset

Does 4th comes back to se

How close Fon how many se

Avariant on is a probability measure space
y measurepreserving

e o o



akt.IE I qih
24kcal ke u z

y
the oppiperties
of seLyta Ite RX

positive semi orbitNotation Ocoee

se is a fixed pt if

KEY
t's sett
k

x is a

pengg.gg't
it
IoGc se on 40cal x

Rah n is aperiod 2n 3h etc are
also periods

minimal period

EI a fixed pt is also a periodic pt
with minimal period I

The orbit through a periodic pt
is a periodic orbit

i periodic orbit
se FY with min period 3
ppg a fee



Xc M is an invariant set

if y ex ex on Yt ex X ft
Tex Ken usuallyclosed

Ey An orbit O is an invariant subset
is periodic O is closed

Mis compact

y con yt is
mgygmat if M has

no chord invar subsets

every orbit is dense

Ex y minimal no periodic orbits
CM compact

y co yt is topologically transitive
if I a dense orbit

every inv subset is nowhere dense

se is recurrent it se comes back to
its arbitrarily small nbd infinitely
many times

Tax 7 ki a set Ukiyo et



EI o se is periodic
the orbit through

se is recurrent
se is dense

w limit set of se

we e all limits of prices ki a

Ii ykee nn closes

a limit set similarly but x

similarly for flows

Ex o phases y y we se

k o

o se is periodic co Ge ace OCoe
The orbit through se

the orbit through se is dense
W Cse M a Coe

invertible
se is recurrent see way a se

Fon flows
woes I Lett

is connected EX

Many more to follow



sexamplesofDf

Et canty ettow
y.gsM is a closed manifold

f M IR
X gradient like v f
41st

more.ee I e

Ex X If for some R m

If fig
heightfunds

If cetera Lxf tou 2 0

see hit Ct o

recurrent pts periodic pts
fixed pb
Crit f



No dense orbits

H se w case Crit ex
x Code Chit Cool

It f is Morse
coCse
or see

is just one enitialpt

EI hard

construct f such that
I se s t was a crit cf
is a circle



Ext R usot
ready much more

interesting
113 2 22 17 CA

y 3

1 30 2 modt

tie enigatia
d fixed

Prep y is periodic yb id

j IQ a Iq
Ca every pt is q aperiodic

y is minimal every orbit is denseÉÉ
to

PI 4kcal Ot ka mod 1

Le Q 2 Iq
48cal Ot qt Otp D

yob id 48cal 0 92 0 mod 1

q2 p ez a Iq 100



24 Or Look at the orbit of 0 1

4k o ka o in

ylco ymco ye m
Yt mco o

la ma

Y'co has a limit pfenlaomod2
HE o F lo h sit

EEEgj.itI.ElionenoaiantqEYzit
he

BEI a p
li ko

Otl x 10 62aka
EL l 672 21

t is e ease to Oef

H o e

yell lola Ot kit loss
is E dense

the orbit
1 51 8

since Eis arbitrary

is dense



Rmt we will come back to this

example many times and
refine it

Ex Prove that the decimal expansion
of 2k may begin with any finite
sequence of digits
Given 7 75 7 I k s t

2k X Xs



EEE.IE iItite g a Lie gp
a e G fixedyeses fighttranslation

O 1 Lak I ke Z subgroup
use multiplicative net

H Oct is aclosed abelian subgroup

Ones 5061 translationof Old
Ok se H H

Y can be minimal only when
G is abelian G H Oct

when G is a lie gp then H

needto know is an extension of Zn by IM
a bit of Lie
gps I TI H Z 21

Inverted component of id



E 6 8
The only closed subgroups are

cyclic roots of unity
1

H can only one of the two
types

a cyclic subgroup a e Q

H at Q

Togmmorize y G G be a x I

compactcablion
either all orbits Ood se Oct are dense
or none of the orbits are deme

Obeso t of Oct nai't of
KOCI

For group translation
minimal top transitive



Lecture 2
EIranslationsof th

01 06 2022

Th IR 21 x x

Oi On met
Y Th Th

a a

t dis gang
use additive notation

Now I more possibilities orbits
need not be either dense on periodic
But Oca y call ke 21 at talked

at o

OF set

at ka

F closed abelian
subgroupan extension of

Zr by Amen

All orbits are periodic asO is periodic periodic

Oco is dense

characterize these two situations



O is periodic Le Qu

q2 0 mod 2 for some q
C.GL fan to mod 21

Tiggs
h q lemeq foul

Le Q 48102 0

If a 1,2 eintyine over Q

ft

Taj O rye Q ally
on Pj EZ

Rat o IR is a v s over Q
d

Q

Continua
Idina Eigg

htt

can replace Ql by 21

Rmt A lot can be inbetween these
two cases

can here
Is dim Has you Emmentalperiodicall die 0



EI nel Le RIZ a E IR

1,2 linearly and over Q

a a

a minimal Oco is dense

Last lecture



Pf Recall for transations of compact
groups

abelian

top transitive
one dense orbit

minimal
all orbits are dense

D lin dependent not minimal

I hj2j to EX a resonance relation

I notallfo
f th e a

i
f coasts

f is invariant flats fees
f lo ta exp Catti Nj Ojai

Explain D exp LIE It Lj

If Eremite



Aco 1 t is co f I

X 2011101 1 proper invariant

Tak closed subset

IT X 0 open
O o is not dense

Y is not top transitive
not minimal

Pf teams a k y coat to
a dense orbit ytoes dense

y'tca et qt Ge ET
yj jojo Ge et

ee
I y't no kaji jo



I 2 lin independent minimal

Lemme M compeet separable metre space
Y M s M is top transitive

Y Tat M open a k sit
ye cont to act

Rt Ex KH

not entirely obvious T

for E

Chee
is top transitive
Y It open invariant

ont to
every

co invariant function

M
is const

could have used in D clear anyway
To the pf by contradictions
O V open in veriest
Assume Tnt

Xo foe
et

O se door
f e E Th invariant

f I const flu 0

t I I a e



f O Efq.expcznizky TCk.O
foetal foot belt fight

f 0 2 ftp.expfizkjtjlexpC2niEkj0j
expCzniEkjdj

fi f exp ziti 2kg2
at least one 0 f const

K O

exp at it kj2j I

I kj2j E Z

1,4 da lin dependent over Q
4



Inenflowsouth
Yt Th Th

Yt O a t

0 Oi Qu
2 Hi Lu

4,1
very similar to
translations

Runt only Lily matter

Prof all ratios Lila E Q
all orbits are closed

Li kn lin ind over Oh
all orbits are dense
minimal

one orbit is dense
top transitive

no 1 here it's easier for the
orbits of y to be dense than for yay
Pf Ex



IE IIahey
ID case

24 Q H TE IR V E O

F k M 21 St
I KL m XI ZE

This is a Kay dense in 11212

PEE Kronecker
1pm ind over a

Y Ay Xu X EIR HE o

F me Cm Mn and k 2

s.tkkeIKLitMiTill E

PI ka dense in The 11272

Rmt Rich connections
Ds numbertheory



Rmf Translations on compact lie gps it
are isometries
These examples exhaust all the
dynamics complexity isometries
can have

Essentially nothing more

complicated con happen



ExI Gedesdeflowe
shipping details for now

Q a Riemannian manifold closed
Me STQ unit tangent bundle

Yt M M the geodesic flow

gyri't
r the unit geodesicNlt with
Uco q I lol et

ytcq o Nlt Ect

extremely important

EI T RYU as a Riemannian
manifold

a flat torus

STI XT

Excepeny
0 99 fi I.e

4th se 2 se tteok att sins x

ftp 1 inthdveution
atv



É
the orbits can be all
closed on all dense
in L court axt

Rut 7 other flat metres out

T RIP D X 21 Y Z
X Ye 1122

Kitty tt men

But their geodesicflows are very similar

More interesting examples
surfaces of const neg curvature
Late



Lecture 3
Geodesic flowsEI
six foot 011 1

Hyperboliflame
HI zeal Im Z o upper half plane

iy
Riemannian metric of court
curve I hyperbolic metric

Igy
Geodesics circles with centers

EI axnicluding.ve t

lives Return to this
a bit laterto

Ex After knowing that PSL z IR are

y
isometries
check that a vertical line is a
geodesic
check that for any circle
I g sends a vertical line
tho tut circle



I
Isometes
SLG R 1

41,144,5
Iso Al
orientation preservigisometries

1 d IEEE ÉTdeim
ad best

transformation

I EÉcÉ tht this is an action by
isometries
Check that PSL z IR Iso Hl
is on isomorphis every isomers
hes the form

Hint age Iso Al is completely determis

by g q o q u fixed

q

Y Tom non

For any P W EST HlV I

g sit gig o Pow

PSL L2 LR STH

g geq.us
is an differ



t.IE iII
n

Eg 2 F P CPSL 2 IR or SL C2 IR

Pa discrete subgroup

s7aTA I sit UP I

g Gi
St Is e

HIT

an Ig admits a metric of constant
curvature 1 a hyperbolic metric

Can HII IR is the universal covering
differ of Eg
In 2 Eg o

E stg I
Pangtgefathmodel

for Steg
RI it is not unique different metrics

on Ig z with env I



Algebraic construction
Fs jadsrete subgroup
s t M P I SL z IR is coupe et
and smooth

guts IR SLG IR

a one parameter subgroup

a flow on M

qt Ge Sco get
Ex Taking P as before we get

a flow on Steg a

Spefeexample

get
cost sint

sint cost
E SO 2 C 5212,112

elliptic
all orbits are periodic

gets I on I 9 Étteparty
the projection of any orbit to Egfr Hl
is a geodesic circle of curveby 1 1

Ex what are these



Al
e s horizontal lines

Ey Prove that the hovocycle flow
in Steg has he closed orbits
Need to show out no orbit con

close up as Hl Eg

get Y e 524 M
hyperbolic
subgroupthe geodesic flow

some orbits are closed closed geodesics

but some are dense

Two non obvious feels
Theunionfperiodie obit is dense

I dense orbits top transitive

Rmf Generalizes to groups other than
SL C2 IR important

It TÉa
KH I 5.4



EI ÉEÉ gjÉ
Pramiceptsettopology

A compact metric space
A ÉxAxAx
Elements bai infinite sequences
I ai e Al ie 2

with product topology
open s txtxt x Nti
where all but a finite number ti A

Fact A is compact

metric
dese y E dei Yo

Input anycon series

Rmt
dima 1 2211 diam A

I É
3 diam A 320



observation

sei y for lik N

deary 1251 fi diamA

2 Ian I diana

doggie digit
HI 2 no 2 UN

N U H U U U N

Y n Y Y Y Yp

agree

dese y is small

330



Shift transformation
set o A 0 I 0110,11 1

M A

sequences of O 1 s

y M M shift to the left
4Ge Him a homer

72
Rusk variants

Treplay A 20,13 by the alphabet
A Li in Similar properties
Replace A by
M A AXA X

one sided infinite seq
y MSM left shift
Y Kobe Dez 9,2223
C but not invertible

Ireton
A collection of states
see A a process

so state at E o

2 E 340



Repeats
y is very far from an isometry
Y is expansive
7 Eso s t H x y a k with
de 4kcal y cyl E

PI E 1 sexy Ii Ki y
K i

Yee Hi

ykcy Yi
de 4kcal ykey 3 dey peso 944 1 1

Je.se Ii
Gift

contribute contribute with
with weight't weight to

i
a i a

E 1

y 99
grey 350



Periodic pts periodic sequences

petal I k periodic pts
2k similar to the

If 111 4 pets tik gudesictionotmenhyperbolic

Periodic pts are devise

Pf Given se and E o take N so tht

IN E

set t.se iihg
y sided

Yi ai lil IN

dese y e dig se

iÉiÉ IIiii
Internment ya



p is top transitive similar to the
grodesictiona dense orbit of a hyperbolic

It M A is separable
Mhic

F a countable dense set

leg con the periodic pts
Denote these set by
220 se se eachof these is
e a bi int

sequence
It y e M I mis s t

dey se's so is a

let Sei be the finite sequence
X i Ho hi

and
iii ii iii

claim 24kcal is dense

If Given y e o

Pichi is so large that

dly se E
for Ez



pick k so tent
set is entered at 0 in y LZ

É ÉÉÉÉ
dese y z e Ii Elz

deg y called ly oil deal4kcal e e

Elz a

380



Ex Show that M A is home
to the Cantor set

Rmt I CA y surface D on

y dish a on monitored
sit I k invert out subset
with 41k I CA shift

These are horseshoes

very common important

Erding
KM 1.9

we will keep returning to shifts



2fmf
godetheory.ttnow easy be a meatiest
Tsually assume

p is aprobability measure Mcm I
If M is a metric space there

µ is at Borel measure p is defined
on all open sets on all Borel sets

Ey smooth measure

M closed orientable manifold
WE 8 M w o

pct fy
Ey measures supported on finite seb

em finite 4 4 3 ii Yno I 1 501 I
atoms

Ex lineentiontinition
Mo he as above so is ape i aye

t Ost

g
dosedRmt supple

sappy Ithacan
40supp ape 4 AMo suppyou supply



y M M is measure preserving
and co or homeo when M is

also a metric space

EI y M M

X no gun e a periodic orbit
an invariant mere

pct I Intl I É Sse

22 4 no

amaifissiI
Anu Y Ino

pal thaining
frequency of entering 0



tEm
Ex Gradient flows
Ex For any invariant Borel measure

supple c Crit f Fix y
In particular when Critif
are isolated the only inv

measures come from fixed pts

É É



Ex Rotations of or translations
of th

The standard measure do
a darn a den is obviously
invariant

Rmt An isometry of a Riemannian
manifold always preserves the
Riemannian vol

Depending on a there could be
other invariant measures

e.g Le then a Atx hes
periodic orbits etc

we'll look into these maps
some more later

a Iq 4 id

Zz Zaz action on

58421 circle

every invariant mean Wasthe form
l a measure on 15 21



Ex Geodesic flows have a

natural invariant measure

Three ways to see

I Q R manifold
TQ ET yup lect
o go

TQ also gets a squpl sh w

Geodesic flow is the team flow
of H LO ICU v7

M STQ HEY regular level
Ey F V E Ran TQ set

Nadu ooh neon 1 42

Nlm is unique Of oMcould use the notation

of
Invenient by
construction
energy w conservation



a vol form a vol formA variant
211 4Example on the

o 123 doendyadt y
o H lx Y Z X y 72

Had regular level

7 U sat
Indu

y
neon

D
HEEYyydtgzdxndydtl

2lxdxtydy.tt dz
Undtl

yq 2x'dxadyndz

2y2dxadyadt 2Edxadyadt

dxadgadt y
OI is unique and

I Idyadz faves form
on 2



2 STO hes a natural measure

for
a riot I Sent a town

fiber fact Q TLE natural on Qmeee

1
a 2

Invariance not obvious

7448
Q



3 For STIG MSL C2 IR i.e

Q Eg with a hyperbolic metric

shear I ad be I

we dagga
bi invariant Haan measure

Tesaustaninvent
mean on MSL z IR

Rab o d is preserved by all
1 parameter subgroups
of 5213112
other invariant measures

leg from periodic orbits



Ex Shift transformations

Ma a measure on A

a Borel measure on AZM
t XI X tox tix
In all but a finite number A
a cylinder

Uco Multi then extend

a p is shift invariant

Sub Ex A LI h

I Pi o s t EP L
A probability of i

uchi Pi

Eg Pt n

Rod Thus we have many invariant
measures or AZ

I other invariant measures
eg periodic orbits



Einardearreneethm
simple and very important

Thy PR different versions

y MD je invariant Borel measure

ten measurble e.g open pity
fan a a seet the orbit
Lykees I ke N visits to again

I can set visit time ke any a

Cos Assume he is such that plopen o

4 ME M preserving
a a pts are recurrent
qkc.se comes back and close box

Interpretation t i vent Mct probability
no matter how small

I I se Tx a process

every possible event will eventually
happen again if it happens once



with ages
alina

Initial condition gas in one half of
the cylinder

this is a positive but close to 0

probability event

a time T o such that the gas
on its own will again concentrate
in one heel of the cylinder
Why don't we observe this
The reason is that T is huge
Longer then the existence of the
universe



Pf Poincare Recurrence
observation mix yea É ÉÉ2

Mix o

It MCXn y x o plying x o

É
ucyicxinyicxtlylxnyi.int o

9 Ex 8 O
all disjoint

MILEY CX
EMLY a a XII

Mix o

Given ten need to show
A A X et come back to T

X seat I 4kcal let It k 1,3

Claim Xnykex p
Indeed Y X nt 0

U

x
observation M X o a



Bharathan

settingin_
as before

terms.int ttSitidpex
fees fi ÉÉ fegicalytimeaverase

y

Averaging
along the orbit of x

T se
460 Y'Ca

Ex se is periodic with min period k
x Y ex

Icse I 1fees foyers t fly D

Thy Birkhoff Ergodic Tim
Icse exists for a a se

MI
Iis y invariant I 4 1

iii

Non trivial see e g Ika 84.1 ee

520



Rak twoperspective
1 p is natural and fixed y varies
within the class of fupreserving
mops on a smaller class

Ex Hamiltonian systems
a symplectic form preservedby
Y and more

Wh a natural inv measure ete

2 Y is given and we are interested

in all invariant measures

530



Pf of implications
invariance Ieyasu teas for a a x

feat align fess t fee bell

both F for a a se

Iceesel align II teens t fly ers

Ilycan fan king I feyness ten
fell

O for a a Xy pres fr
integral

Idp fling Iifceicuildpers

they t.IT fopid
all equal
to fAdy

Ing tu n Stop

State a



Tatters Em II faint
a e equal to the previous one

For flows T

Ien him I flyte at
T A

T

him
To
It teal at

similar statement I exists a e and

I Idp Stdy

Interpretation
to M f Xp characteristicfunction
Is average time y cat or yteses spends in t

Arya
Too limtctcxs.tfceuust.atcobalt I



E rchandnnieqergodia.tt
Def y on M is ergodic it

for every measurable inv set A
either MLAs I p M

or p A O

Pak no proper inv subsets
measure theoretic

Prof Cy pi is ergodic
fell I const ft dy

failing
Iffy'm iffdptoa.a.se
Fae steaverase

The only inv L functions
are constant functionsIggy

my probability

Hara se the average time
ohhhhh

O Mio



characteristic functionPf o y is ergodicA
every invariant XFis lane content
or every inv t is a e M or d

look at f s const
usethe factthat Xu's are L dose

every te L is content la e

4

EI a 4 You X Y Get a periodic
orbit

of the anoriated mesne

pre I É Seine

putt In 1 pilus's int I

am tt

g

t
e K

M
is ergodic



Def Y is uniquely Con strongly ergodic
if Factly one invariant

measurede for which y is

ergodic hied
Runt y is ergodic with respect to pr

look at all inv meanies none of
them a ergodic More later
when we study the space of inv messnese

Examples wait

i in i
no periodic orbits leg fixed pb

every per orbit gives rise to on ergodic
measure



Thy M is compact y M 1 y e cg p is invariant

D y ergodic I on orbit dense in supp y

2 o y uniquely ergodic
every orbit is dense is supp y

le Assume that y Copen o f open
supp y M

y ergodic I a dense orbit top transitive
o f uniquely ergodic

all orbits are dose minimal

Emt Similar for flows
Rmk counterexample

tuniquey ergodie
without dese orbits

the only inv measure is 8
but no dense orbits

Thereasor Joe is not continuous

Rmf I D we'll show that Ood is
dense in supple for
M a a see supple 590



Parallel between measure and topology

1 Topology
inv setinv measure p atop supp p

ergodic f
h
top transitive
I dense orbit

uniquelyergodic minimal
every orbit
is dense

o o o o o o o

p p
more into leis into
because a lot more robust
ofmeasures areinvolved

Rmt similar for flows



onthepffthethe

Fact M compact metric space
4 M M homeo Con just Co
y has an ergodic pinv.me

asue

Borel probability
Ibediasedlate

Itthe
e p ergodic I on orbit dense in suppy
can assume Me supple compactmetric spaceLet 20g be a gig of the induced

top Mpp Mitzi 0

for any open T t tjet
Oes is dense Uj Out of

characteristicergodicity I function of It
IIs IE Y'ex yoga so

for a e se see X M Xj I



Xo picul o for some i

y cause Dj Obu enters Jj
X nXj full measure

Use ex Obe intersects Dj tj

Rmt we have proved that
Ola is dense in suppju
for M a a see suppy

a A uniquely ergodic y is minimal
in supple

Assume Old is not deme in M suppy

OEEM ppycoup.at
metre

space

I an ergodic inv measure N
with suppd OF EM
d p with unique

ergodicity aFact



Discussion tho1920
2_022IrrendusErgo_dicity
PRiaO.p ts are recurrent come back orbit

holds unconditioned close to themselves

Rot of in aiii im is
gets arbitrarily chose to a

rat isenentIIIptshere do not
come back

Ergodicity does not hold unconditionally
a a pts enter every sett
with frequency pit

engine
Ung

transitivity minimal



Examplet

Gradient flows
nothing interesting
For any M supp we Crites Fixly
and M is ergodic M se see Aitch

Rink Ex a disen inv measure p
ergodic f docu periodic460

sexy's of Yes It IISpie
t t
o

o



T.tt 5 Ie1r1z
f't 9 4

preserves ju do

LE Oh periodic YE id a Iq
every orbit is periodic
not ergo doe

same condition
24 Oh asminimality pyminimality

The Q Tsuniquetyergodoe
PI Focus on ergodicity not unique
Need to show H gel cs's

III gcatkal g do

For a a Q in fact for all 0 est

Enough to do this for g
open

My III to get off hose

Enough todo this for Cock's



A
Lemmy Weyl
H f e CCS

I Éitcotka Italy ft do

Pf Trig polynomials are C dense
in Ccf

Enough to prove this for
trig polynomials compere with

In a emile the plot minimalityfor translation
of I

Enough to prove this
for f e

wilt

ifeng.ph

t



I

Ijemilcotkas

e ilq.I.ie ailky
I

In

boundedby a it

Em
discuss later

s In iffier 0
a

Cain wht way proved
Assume that III fly'acs ftdy

Y is uniquely ergodic a



Digreion numberthory
indistribution

Def A seq Sc e IR on 12121 81

EE 9 te

with which sea
enters I É ao

Runt sea is uniformly distributed
Seat const is

Pf replace I by It const

Q which sequences are

a uniformly distributed

Important on number theory
books and books



Bydet
y D is ergodic

I a a see 4kcal is
uniformly distributed

cos a Oh ka is uniformly dish
mod

Move involved dynamical systems
arguments see eg Walkden

Thy Weyl
Yu Luk't Lik Lo is uniformly dosh
if at least one of 2 And Oh

ete

Ex ha sek L k do
unit dish 2,40



IEE.itandVerysimitan The RYE TEs
2 Can In

y D Q at Atd L

Th Th

t da da is q
invaÉÉÉ

Thy Ex same condition

Y is uniquely ergodic
as minimality

1,2in gta are liu indoor Oh

Pf Ef reduce to nicht f
k Cko ska

Likewise uniform distributions



For flows on The

utca Ott L

CO ta Outtan

Thm EX

yt is uniquely ergodic

m i



tampons a new clan
ofexamples

Affeggenfes
A e shin

deta I

Th IR h A Z D

A th th
se Ase

Me doe den is invariant detA 1

whet are fixed periodic pts
A 0 0 O E Fix CA

So is invoria b
A is not uniquely ergodic not
othrfxe perodiep.to

minimal

x is k periodic
A x x in the

Lifting to 12h Alex Xt integervector

Def A is hypebolic it
A hes no eigenvalues
with obs value 1



E 1 f Arnold's cat map
is hyperbolic

Ex A is hyperbolic per pts are
dense

PIKA
l g A is hyperbolic

Thy A has no eigenvalue which is

Fistiant
at A has no eigenvalue which is

a root of unity
A has a dense orbit

In feet Ocs is dense for
A A De Eth

Rak o when 2 2

no root of unity hyperbolic
o n 2 Probably not

730



Pl
Recall
A ergodic every invariant set

has 1 0 on 1 1

A not ergodic I inv set X with
o MIX I con here 2

I an inv 1 28
I

s t f coast a e

Take F X

In the other direction
the X se 1 fake
for a suitable e

t

Need to show

A hyperbolic every invariant felt
is content



Assume that A has an eigenvalue
which isa

tofunity.falietanitven.atfunction te L

The same is true for Be AT

F q 1 s t B o O ve IR
to

FEET jeez
Ex Prove that ve 0 and

hence een assume ve z

Take the settle
this properly

is false Eris
B a

errico as

set food51
is Ah

e Lagu
C CT

II em's
Btv a

750



Ex f const 0

Usethe fact tht q is minimal des

claim tease food invariant

PI TCAs gg ewi
B toes

II eat
B o a eat as

fess

a



No roots of unity
No inv functions
Leon L on L

Assume f is invariant

gf
fell and f Anse fees f me z

a a se

toes E teexpczn icl.usI 11 Need te o
C O

É ACA E f bop latish AT I

Zayn therap latish xs0
lez B ATBme

foes
E te explantial

res

11 11

team Ze tameexplautice
n

4M 21



lez
h

fay te fie fire
i e

III t mey t lez

Goal l 0 fe o

fence f const

note IT 1Ét
Assume fe 0 l 0

Bml me 2 can take only
A finitynonyvalues

Éts no
BMsl

JD
for some

Ms In

Ie f mse
o only finitely

many Z pts
te o in a ball 780



Bhi l Bmo l m mo

B l l
q

BE e e eigenvector

an eigenvalue which is
a root of unity

4



Go throng the Tha
1

1 7 022and pf again

estaminetErion
Def y Mal D is mixing it

Roots in
probabilityA B measurable

M p A n B meal B
theory

K X

Rink y CA a 6kcal EA is defined
ions even when y is not invertible

Prefer to think as

MI YKCA B PLASM B

MCA to
y

B 0

4kcal n B of k o

FÉÉ a
A B

Ipologcalcounterfest top mixing
open seas

g cult d f Laak



when MCopens o

Mixing Ergodic
Pf Ergodic I inv set A

Y

mixiineat
Need

B MIA

IIA Egg y

o my as a MEIÉ a

l il
never mix

Y
jy

Runt Similarly for flows

week etc



Examples y EI

i f É
fin flows on T
are at mixing

mixing engodicity
unique engodicity

hyperbolic a we
are mixing TKts

ergodicity

mix.gs Eniqueersodicit



E.IEItgfineti
setting
Be o n i an alphabet
Me 2 x 272,22

bi int sequences
compact metric space

q M M shift to the left

46 seize homeo

xzsei IefseEse3 n

Put In a gp
M 27 is a compact top gp
Y is a gp homomorphism

In measures Bernoulli measures

Fix o c pi L I 6 0
y
u t

EP 1 probability
of Ai E Un 830



Cylinders
I c in is multi index
Y A as E Im

CI Lal sei Ai It is EI
These also form

H 1202 gig
a base of the

Z
top of Zm

Ai
Det Pi Mail
MCCÉ PaiPai Pa Mis'The product

measure
Extend to a measure

a y invariant measure peon M
Probability Borel

EI Pitt all ai have the some prob
the Haan measure on 25
invariant under right or left
translations picopens o



Recall top properties of y
dense periodic pts periodic seq ai

p ck n of pen pts ofper k

top transitive I a dense orbit

on the measure

theorysideyThe y is mixing for M

cos y is ere top mixing
Rinks y is not uniquely ergodic

crab or different pi
and not minimal

similarity with hyperbole
A th th



KH

Favors enough to check mixing
when A B are cylinders

Fi Xj Fiz
ai Giz Y

Need MCY CINCY MICE Mex
for any two such cylinders
different length

Note g act
Ith Link isth

A I J

e cc CIO
disjoint
from J
when Kis large



Recall Y Can gas

Mcc Pa Pas

L 0J D Y al as

Cf nc Chot X cbio gbr
Yux

t
L It k k is large

disjoint how J

che et y cc

acts g qq.ge
disjoint

my'ecting peek Dyce
mixing a



ProbabilisInterpretation
o 2 913 po p

unbiased
coin

M bi int sequences of 0 1 s

each sequence
sequence of coin tosses an experiment
O heeds on

I tails f a trial

I 20 m

Y boy but bi O o I

CI event the first man tosses

give outcome Y piety Ima

gkectyle C'II
event the tones k ktm

give outcome Y

figs I do sisk il y ere e et
frequency with which the

sequence Y occurs in se



Edicity for almost all
trials se

the frequency probabilityof Y
some

con measure affffftionby experiment
statistics

EI Interpret mixing in terms
of conditional probability



K 78022
Existenedicariantmeasures
M compact metric space separable
4 M M homeo on just co
we have used

Fact y has an invariant ergodic
meh still

Goal justify this

Thm Krylov Bogo labor
Tn compact 4 M M

F an invariant
Bore probability measure



Preliminaries M as above

C M Banach space with
little gyp I fail

Dual space
co M I CCM IR I bounded

The C Riesz Representation That

Colm the space of finite Borel
measures fu not necessarilypost

Icf Int dy
Ruh o fr ft h pos messes

Ipos f z o Ict s o

M is pas

ICD 1 M is probability Jp 1

I Cloy ICA If
M is a invariant



PI
Idea Fon se EM set

Matt king oik i y cadet

as in Birkhoff ergodic theorem on

Each glim I É taxicab
and define tea by

E chiffon
Riesz

Then Me is an invariant probably
measure assuming that the limits
exist

Ex se is k periodic
x Seo se 464 Hi y'd se 4kcal Seo

Yin n n

aI k

Mn t 28m
invariant Borel
probability mesne



ÉÉÉ it jess
be a countable collector dense in Co
with respect to the sup norm

Pick se and consider

as ÉÉfj laical teeny
Ksc IT at.ci converges

s as S x

ksCz
s

D a
see

also converges
iii

e o o

I set ks ks s subsequence in

all of them

Ks X

F him I É fj y'can as KjK 3 A



7

ÉQÉfeH act
exists

fj densein CCM
Riesz Representation theorem

I ha s t

I f ft dfa
check Ex
o f o Incl of cleanIn i I

Iec toy fact
calculation

M is positive probability
and invariant

a

Rmt suppMac OF



Rtty A short cut with more

functional analysis
set
Idgaf I É taxicab

ÉÉ Suica it

II f I É f

NE II
I c

ifeng.it
eoueniaeessAlaoglutghmIt corgis

a

pt wise conversing subsequence Ala og la'sthn
I fi Incl If

This is essentially the defof Ise

Now finish the pl as above a

Rmt can also take

limy É 7441cal
when y is invertible

950



Rut How often does the lim exist

I taxicab

É dyint
Ex ELITIST
Afn for any y in M
the limit exist for ju a a se tf
Hint combine the Biz thot ergodic

theorem with the pt of
Krylov Bogo labor than



How do ergodic measures

enter this picture
Notation My y inv prob Borel Measures

ill My Coca

t Ip f a Safdy
The image is in the unit sphere 11 11 1
and weak't compact I 1 1

My is convex

O ft E I M d t potty
i A

Det M is an extreme pt of
if for any such decomposition

a

t o o t I

won't

940T IEITi
Notation Ext all



Ext M 0
It pts

Rmt In general y
close

FextulllÉÉ convex

In general when dim a

even the fact that
Extent to

is not obvious



the Erode FEETmeasures

If jelly not ergodic
A with O M A e I

set Macy Mjg
restriction tox
measure

Mo Ga Mi MM A

Me really
l McAllMma

M is not an extreme pt
a Ideas o mo p extreme pts

I enough ergodic
to have No extn

Mo M FA Mo A G CA
Form

p CI ti potty not extreme tag

WIoshnotengoers
A particular case



Assume it is Birkhoff
MA d t Molality CA

I É xp ly'd MoCA

Mola M CA

A catch need se to a a for Joe Mi
might not exist
But then supphonsupple 0
and p is again not ergodic

A more serious problem
not every non extreme pt con be

decomposed as
p Ci ti potty

Not literally but
Need some functional analysis
Choquet's them

a



Cos Every 4 M M hes
an ergodic measure

cos The following def of unique
ergodicity are equivalent
ergodic and an ergodic
measure is unique
ergodic and inv measure
is unique



kaiser

in ÉÉi poet manifold helps with
boundary or corners

pi smooth measure Lebesgue

E g M closed ball or I cube

H y M M I p pres
homeo

with sup topology
d ly y sup 464 you

CE M

H has the Baire property

acountebleintersectionoffopen dense sets is dense

T a residual set deme Gs
or more generally contains
a dense Gs



Imc Oxtoby Olam

Ergodic y form a residual

sexy
H dim 2

Top transitive
aft for a residual

subset of H

and Nothing like that is true

fat co differs pres y
KAM

At least when dim M z on

in the Ham case on
e o o

c or Ck more subtle
Avila Crovisier Wilkinson
ArXiv 1408 4252

Not easy to construct
y D D with a dense
orbit

1030



DirecteaflorOuthine
Following I Oxtoby

Me square to 13 50 I

p Lebesgue measure

y M M p Pres homeo H

ti collection of open squares
in M with rational vertices

1EIII Ej y 2h31 p light 0
clear key pt

Claim t i j Egg is off and defuse

100



ÉÉj E residual

Gj F g Oj is open dense

Ting4 It I DE YEE
Baire Gin Gj is residual in M

G 9
KEG Vj Xe IF 4 Oj

I k y cus et

Ocs is dense

Runt we have shown that for a

residual set of y's the set
of se with se dense is

residual

1050



Ideothpofthectin
Given i j and y need to find

an arbitrarily small y and

PET sit yy sp Oj for some k
pye Eij 44 4

Can assume that periodic pts
of y form a meager set

such y's form a residual set

Pick pet get and

connect them by a seq disorbits Peo yenisei

4k1g
it F union of these

orbits

i small open sets
Fn Ri 24 ail Kit

Y be R IR

100



Rit
Local pie
enlarged

Y'in none of these other
Rin

Fyi pts are i R

q sappy c HRi

Y ly Cui Kit

Y co is small

ay cp q

Rule Xi y bei Kit 4 sein
are quite close
size Ri ud a p Cris

cannot make

Yue small a



peg supper
paid

É

via

ACE P its is small
f co small

tiff
mantle

f c small

f v E
If sa e cen mak f d small

It Ja E Cantat



8 maphisms ot.si
Lecture 9

Tet

setting home or differ in some
reasonable clan

Y Y Is a closed manifold

Def y y are equivalent if

M M

h 4 ph
4 h yh
Y is conj to y

M M

usually h is roughly of the same type
as Y Y e.g volume preserving
But usually his only co
even when ya y are e taken

want h to preserve the most
essential features periodic orbits
top transitivity ergodicity

100



Q Any hope of classification

Rod In some limited number of
cases Yes Overall No

Related notion stalstebility
Def y is str stable it

45,4 Y'T top conj
Rmt rave but interesting

shifts has it

Rmt i more reasonable

Énelfingtong ythyth
even when he o is usually true
restrictive see below

usually just want h
to send orbits to orbit
but not to preserve 10time povenetizetious



some comments
Examples

Persistence of fixed pts
under small perturbations

a Y MIM manifolds
o e cps p

Dyp Tpm Tpm invertible
the linearization you DYpres t

p o

Del p is non deg if
Dyp does not have 1 as eigenvalue

Ex fine
I Dyp is invertible

Tata at p
i

grophoty
the diagonal

in Mxn
M

É



Progette tht p is non des
and Y Y Y
Mean

p I a fixed pt q of y
Dy aDyp use a chat

contain p q
inverse function thin

slope of Py at p
É

slopeof Ty at q

DI RI x qfent.it pÉ is non dig
it xfe Fix ly 9 is non deg for y G

Rmt y by h he c

p e Fix y q hep e Fix ly

TPM TpM
Dh p p p

if he c

TqM Tq M
DYq



q

in ÉI
Not much hope for classification

and shr stability it he c

Rmf Flows

at flow of went held w

rep o p e Fix Yt It

In a chest veal Dop se t
TM

v

Mfp
Dop Tpm Tpm

Def p is non dy it

Dop is non dg does not have
0 as an eigenvalue

Graph o h MCTM
Eero sector

Ex state and prove an analogue
ofProp for flows



Rmt Assume that yet hyth At

the conjugation preserves time

Y periodic orbit of Yt
if with period T

her periodic orbit of yet
with period T

The period is very easy to
change

by a small perturbation
E g O W ht Esv
Not much hope for str stability
or classification when h
preserves time



Conceptually

medias Iowsindimhts

Cross sections o yt flow on y't
generated by o

o EE Y't Utzif

and the return mop F
is defined

Dynamics of F captures
a lot of dynamics of y
periodic orbits Periodic orbits
of F of the flow

Global crosections revely exist

Increeturnia
n periodic orbit y

of Yt
F nbdof pi E E

p is non deg for F
8 is non dy fo W Lor It

def 1150



t Coe É'm
Y Mx To I

KEEFE flow at

I MxO is

a clossection
F return mop

Per F Per yt
F is top yt is top
transitive as transitive
ergodic ergodic
minium minium
etc etc

Dynamics
of F

Dynamics
of qt



Ex Ex
M y k o

orientation pres homeo or differ
Y x To I ago yea

KAE

Y
Prove that Y is a Ck manifold
which is ditto Ck 1 or home C
to TZ



Lecture 10
02 03 2022Iliff queston

Flows on 1
oz IR are

rather simple
Se oca can be integrated
explicitly

3 edt

Easy to visualize

the X
Fixed pts zeros of U

o no periodic orbits or interests
dynemis

in



But homes on diffeo's
y IRI

can already be very interesting
some questions
whet are shr stable mops
Ra rotation by L

o 0 2

Is Ra equiv Rp a p
Cases 2 Eq B4 Q on a p Q on

2 Pq pi

Is 410 0 2 Esin ETO

equivalent to R

Con we have 4 without periodic
orbits and dense orbits

Trying to answer unexpected results



Rotationnumber

classification questions invariants

Rotation member

pities
8

action yet Homer 8
IR 21

ftp.aeittotyto R IR

4
weenie

4Get
Hi Flo

use se for e IR
Properties

F IR IR is a homes
and shr monotone increasing

F Seti F x I

for any two lifts For F of X
F Fo comte Z

Fk
Egos is a lift of yh



Set pace guy Ikea can take
IKI a

Prey the limit exists
Pa F is ind of se p CF

p CF p Fo e Z

for any two lifts F F off
well defined

Def The rotation number of 4

Pigford 1 e

other ways to write Pact
set a cat ay ex Feet se

a IR IR i periodicPI
a Ceti Floe ti ti Else se

Fae set a csc

F ca a and
F a F set a Cal set a a talatalses

n

Eat



an Ge a cult Aly se t ta y uses

Pace line Fluff
can always
add

K A

Es
Ex D Y late R Ca att rotation in a

Flat
ataqt

an integer

phone taters
P era a

2 yea set Lt E sin 25 a

Things get complicated

ply depends on 2 E



Pl ftupposition

theft monotone
IES I IT e I

see ye sett

FINE FLY I Fckn I

t.IE EsYet so

when ne y e
sett

I F en Fly e t o

Existence
Lemme Assume an an arb seq
sit AntmZantamt e_g.L o

Antin Ean tan
line Eg subadditive
Kp

exists
in IR o L X



Pf set a Ing int E
MIT n so large that

It I ate and I
A

Note Can I 2 An th

Am I 3 an 2L

aen cantle ish
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3 This where the most effort
goes

of bounded variation or rather In Ext

f bounded variation on I toRhd
partitionX exo exec Xy d

van
sup

If ex tea play
when tis d

if'ldx

C Lipshutz Bounded variation
monotone Bounded variation

Ifc Alo I

Focus on this question
1350



ÉEE com
C E Co

But how far from being differentiable
a co function can be

construction

too 3,7 gun's

fad goes Ig case glad
t

coverges uniformly
f ecoWife

Ey Prove tent f is
nowhere monotone and
nowhere differentiable

Ref Gelbaum Olmstead
Counterexamples in Analysis



But a monotone almost everyhuedifferentiable
Lebesgue
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Two classes of questions
IAsymtotyapunov stability
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Local normal forms linearization
classification e te
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discrete maps or germs
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a bit more

similar intuitive
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I oTM Este
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periodicorbits
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The End
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