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Algebraic construction
Fs jadsrete subgroup
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Shift transformation
set o A 0 I 0110,11 1

M A
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y M M shift to the left
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y is very far from an isometry
Y is expansive
7 Eso s t H x y a k with
de 4kcal y cyl E

PI E 1 sexy Ii Ki y
K i

Yee Hi

ykcy Yi
de 4kcal ykey 3 dey peso 944 1 1

Je.se Ii
Gift

contribute contribute with
with weight't weight to

i
a i a

E 1

y 99
grey 350



Periodic pts periodic sequences

petal I k periodic pts
2k similar to the
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p is top transitive similar to the
grodesictiona dense orbit of a hyperbolic

It M A is separable
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Ex Show that M A is home
to the Cantor set

Rmt I CA y surface D on
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with 41k I CA shift

These are horseshoes

very common important
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we will keep returning to shifts
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p is aprobability measure Mcm I
If M is a metric space there

µ is a Borel measure fr is defined
on all open sets on all Borel sets

Ey smooth measure

M closed orientable manifold
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y M M is measure preserving
and co or homeo when M is

also a metric space
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Ex Gradient flows
Ex For any invariant Borel measure

supple c Crit f Fix y
In particular when Critif
are isolated the only inv

measures come from fixed pts
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Ex Rotations of or translations
of th

The standard measure do
a darn a den is obviously
invariant

Rmt An isometry of a Riemannian
manifold always preserves the
Riemannian vol

Depending on a there could be
other invariant measures

e.g Le then a Atx hes
periodic orbits etc

we'll look into these maps
some more later
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Ex Geodesic flows have a

natural invariant measure

Three ways to see

I Q R manifold
TQ ET yup lect
o go

TQ also gets a squpl sh w

Geodesic flow is the team flow
of H LO ICU v7

M STQ HEY regular level
Ey F V E Ran TQ set
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Nlm is unique Of oMcould use the notation

of
Invenient by
construction
energy w conservation
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3 For STIG MSL C2 IR i.e

Q Eg with a hyperbolic metric

shear I ad be I

we dagga
bi invariant Haan measure
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Rick D is preserved by all
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of 5213112
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Ex Shift transformations

Ma a measure on A

a Borel measure on AZM
t XI X tox tix
In all but a finite number A
a cylinder

Uco Multi then extend

a p is shift invariant

Sub Ex A LI h
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measures or AZ

I other invariant measures
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simple and very important

Thy PR different versions

y MD je invariant Borel measure

ten measurble e.g open pity
fan a a seet the orbit
Lykees I ke N visits to again

I can set visit time ke any a

Cos Assume he is such that plopen o

4 ME M preserving
a a pts are recurrent
qkc.se comes back and close box

Interpretation t i vent Mct probability
no matter how small

I I se Tx a process

every possible event will eventually
happen again if it happens once 8



with ages
alina

Initial condition gas in one half of
the cylinder

this is a positive but close to 0

probability event

a time T o such that the gas
on its own will again concentrate
in one heel of the cylinder
Why don't we observe this
The reason is that T is huge
Longer then the existence of the
universe


