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Inalsystems
Lecture 1

Go through basic info
No exams no hw
Problems stele in 1

opto them how much they take home
OH by appointment

Plan
basic concepts and examples
elements of ergodic theory
maps of theDenjoy example
local normal forms Hartman Grobman
and local analysis of Ds

hyperbolicity horseshoes

topological entropy varyingdegree ofdetail
Not a comprehensive course

Examples are often
non trivial and very important



��������������$0 0DWK������'\QDPLFDO�6\VWHPV������:

ÀOH����8VHUV�YLNWRU�'RFXPHQWV�7HDFKLQJ����������V\OODEXV�V\O�KWPO ���

0DWK������'\QDPLFDO�6\VWHPV��:LQWHU�����
/HFWXUHV��77K�������������30��0F+HQU\�&OUP�������WKH�ÀUVW�WZR�ZHHNV�UHPRWHO\�

,QVWUXFWRU��9LNWRU�*LQ]EXUJ��RIÀFH��0F+HQU\������
�HPDLO��JLQ]EXUJ�DW�XFVF�HGX

2IÀFH�+RXUV��7%$�RU�E\�DSSRLQWPHQW

7H[W��7KHUH�ZLOO�EH�QR��RIÀFLDO��WH[WERRN�LQ�WKLV�FRXUVH��6RPH�VXJJHVWHG�UHDGLQJ�DQG�UHIHUHQFHV�

,QWURGXFWLRQ�WR�WKH�0RGHUQ�7KHRU\�RI�'\QDPLFDO�6\VWHPV�E\�$��.DWRN�DQG�%��+DVVHOEODWW�
*HRPHWULFDO�0HWKRGV�LQ�WKH�7KHRU\�RI�2UGLQDU\�'LIIHUHQWLDO�(TXDWLRQV�E\�9�,��$UQROG�
/HFWXUHV�RQ�'\QDPLFDO�6\VWHPV�E\�(��=HKQGHU�
0HDVXUH�DQG�&DWHJRU\�E\�-�&��2[WRE\�
(UJRGLF�7KHRU\�E\�,�3��&RUQIHOG��6�9��)RPLQ�DQG�<�*��6LQDL�
/HFWXUH�1RWHV�RQ�(UJRGLF�7KHRU\�E\�&��:DONGHQ�
'\QDPLFDO�6\VWHPV�E\�&��5RELQVRQ�

7HQWDWLYH�6\OODEXV��7KLV�FRXUVH�ZLOO�EH�D�SRWSRXUUL�RI�G\QDPLFDO�V\VWHPV��IRFXVLQJ�RQ�H[DPSOHV�DQG�PDLQ
FRQFHSWV�DQG�QRWLRQV�UDWKHU�WKDQ�WHFKQLFDO�SURRIV�RI�JHQHUDO�WKHRUHPV��,�SODQ�WR�GLVFXVV�RU�DW�OHDVW�EULHÁ\
WRXFK�XSRQ�VRPH�RI�WKH�IROORZLQJ�WRSLFV�DQG�FRQFHSWV�

HOHPHQWV�RI�HUJRGLF�WKHRU\�
WRSRORJLFDO�HQWURS\�
VWUXFWXUDO�VWDELOLW\�
PDSV�RI�WKH�FLUFOH�DQG�WKH�'HQMR\�H[DPSOH�
ORFDO�DQDO\VLV�DQG�ORFDO�QRUPDO�IRUPV�
K\SHUEROLF�G\QDPLFDO�V\VWHPV�

7KLV�ZLOO�QRW�EH�D�FRPSUHKHQVLYH�FRXUVH�LQ�G\QDPLFDO�V\VWHPV��EXW�UDWKHU�D�QRQ�WHFKQLFDO�RYHUYLHZ�RI
FHQWUDO�QRWLRQV�DQG�LGHDV��([DPSOHV�DUH�SDUWLFXODUO\�LPSRUWDQW�LQ�G\QDPLFV�DQG�,�ZLOO�GHYRWH�D�ORW�RI
DWWHQWLRQ�WR�WKHP�

&29,'����,QIRUPDWLRQ��3OHDVH�WDNH�FDUH�WR�FRPSO\�ZLWK�DOO�XQLYHUVLW\�JXLGHOLQHV�DERXW�PDVNLQJ�LQ
LQGRRU�VHWWLQJV��SHUIRUPLQJ�GDLO\�V\PSWRP�DQG�EDGJH�FKHFNV��WHVWLQJ�DV�UHTXLUHG�E\�WKH�FDPSXV�YDFFLQH
SROLF\��VHOI�LVRODWLQJ�LQ�WKH�HYHQW�RI�H[SRVXUH��DQG�UHVSHFWLQJ�RWKHUV·�FRPIRUW�ZLWK�GLVWDQFLQJ��3OHDVH�GR
QRW�FRPH�WR�FODVV�LI�\RXU�EDGJH�LV�QRW�JUHHQ��,I�\RX�DUH�LOO�RU�VXVSHFW�\RX�PD\�KDYH�EHHQ�H[SRVHG�WR
VRPHRQH�ZKR�LV�LOO��RU�LI�\RX�KDYH�V\PSWRPV�WKDW�DUH�LQ�DQ\�ZD\�VLPLODU�WR�WKRVH�RI�&29,'�����SOHDVH�HUU
RQ�WKH�VLGH�RI�FDXWLRQ�DQG�VWD\�KRPH�XQWLO�\RX�DUH�ZHOO�RU�KDYH�WHVWHG�QHJDWLYH�DIWHU�DQ�H[SRVXUH�

/HFWXUH�QRWHV��SGI�ÀOHV���7R�EH�SRVWHG�KHUH

I
more analysisthen dynamics

https://personalpages.manchester.ac.uk/staff/charles.walkden/


ÉÉt g.us
usually compact e.g a manifold

y M M a map continuous
on smooth often but not always

jffinvertible
Interested in y't ke Mor 21
2 7 Co M M on TCM M

semi group homomorphism
on

89,4

a flow on M
Homes M o DiMeo M

group homomorphism
t a yt ytittz ytlgtz

et.FI of states of a
deterministic system

t tak time

qt yk the evolution of the
system

Ig i and unset
Y qt

a initial condition



BI c.DE f
M a manifold c e g a domain in IR's

given a v f ODE complete
pt the flow of it
4th sol with the initial

condition se

on y qt
Dynamical systems ODE is

But focus is different

In DS we are interested in

qualitative properties of y

explicitly
S Eg The behavior of toes as t x

for se in a certain subset

Does 4th comes back to se

How close Fon how many se

Avariant on is a probability measure space
y measurepreserving

o o



akt.IE d.I qIn
24kcal ke u z

y
the oppperties
of seLyta Ite RX

positive semi orbitNotation Ocoee

se is a fixed pt if

LEX
on 4teses se ft

4kcal set k

x is a

pengg.gg't
it
ToGc se on 40cal x

Rah n is aperiod 2n 3h etc are
also periods

minimal period

EI a fixed pt is also a periodic pt
with minimal period I

The orbit through a periodic pt
is a periodic orbit

i periodic orbit
se FY with min period 3

Pcso X Lee



Xc M is an invariant set

if y ex ex on Yt ex X ft
Tex Ken usuallyclosed

Ey An orbit O is an invariant subset
is periodic O is closed

Mis compact

y con yt is
migzgmat if M has

no chord invar subsets

every orbit is dense

Ex y minimal no periodic orbits
CM compact

y co yt is topologically transitive
if I a dense orbit

every inv subset is nowhere dense

se is recurrent it se comes back to
its arbitrarily small nbd infinitely
many times

Tax 7 ki a set Ukiyo et



EI o se is periodic
the orbit through

se is recurrent
se is dense

w limit set of se

we e all limits of prices ki a

Ii ykee nn closes

a limit set similarly but x

similarly for flows

Ex o phases y y we se

k o

o se is periodic co Ge ace OCoe
The orbit through se

the orbit through se is dense
W Cse M a Coe

invertible
se is recurrent see way a se

Fon flows
woes I Lett

is connected EX

Many more to follow



sexamplesofDf

Et canty ettow
y.gsM is a closed manifold

f M IR
X gradient like v f
41st

more.ee I e

Ex X If for some R m

If fig
heightfunds

If cetera Lxf tou 2 0

see hit Ct o

recurrent pts periodic pts
fixed pb
Crit f



No dense orbits

H se w case Crit ex
x Code Chit Cool

It f is Morse
coCse
or see

is just one enitialpt

EI hard

construct f such that
I se s t was a crit cf
is a circle



Ext R usot
ready much more

interesting
113 2 22 17 CA

y 3

1 30 2 modt

tie enigatia
d fixed

Prep y is periodic yb id

j IQ a Iq
Ca every pt is q aperiodic

y is minimal every orbit is denseÉÉ
to

PI 4kcal Ot ka mod 1

Le Q 2 Iq
48cal Ot qt Otp D

yob id 48cal 0 92 0 mod

q2 p ez a Iq 100



24 Or Look at the orbit of 0 1

4k o ka o in

ylco ymco ye m
Yt mco o

la ma

Y'co has a limit ptemaomodz
HE o F lo h sit

ftp.tI.ElionenoaiantqEYzit.Ebd

BEI a y
la ko

Otl x 10 62aka
EL l 672 21

É is e ease to Oef

H o e

yell lola Ot kit loss
is E dense

the orbit
1 51 8

since Eis arbitrary

is dense



Rmt we will come back to this

example many times and
refine it

Ex Prove that the decimal expansion
of 2k may begin with any finite
sequence of digits
Given 7 75 7 I k s t

2k X Xs



EEE.IE iItite g a Lie gp
a e G fixedyeses fighttranslation

O 1 Lak I ke Z subgroup
use multiplicative net

H Oct is aclosed abelian subgroup

Ones 5061 translationof Old
Ok se H H

Y can be minimal only when
G is abelian G H Oct

when G is a lie gp then H

needto know is an extension of Zn by IM
a bit of Lie
gps I TI H Z 21

Inverted component of id



E 6 8
The only closed subgroups are

cyclic roots of unity
1

H can only one of the two
types

a cyclic subgroup a e Q

H at Q

Togmmorize y G G be a x I

compactcablion
either all orbits Ood se Oct are dense
or none of the orbits are deme

Obeso t of Oct nai't of
KOCI

For group translation
minimal top transitive



Lecture 2
EIranslationsof th

01 06 2022

Th IR 21 x x

Oi On met
Y Th Th

a a

t dis gang
use additive notation

Now I more possibilities orbits
need not be either dense on periodic
But Oca y call ke 21 at talked

at o

OF set

at ka

F closed abelian
subgroupan extension of

Zr by Amen

All orbits are periodic asO is periodic periodic

Oco is dense

characterize these two situations



O is periodic Le Qu

q2 0 mod 2 for some q
C.GL fan to mod 21

Tiggs
h q lemeq foul

Le Q 48102 0

If a 1,2 eintyine over Q

ft

Taj O rye Q ally
on Pj EZ

Rat o IR is a v s over Q
d

Q

Continua
Idina Eigg

htt

can replace Ql by 21

Rmt A lot can be inbetween these
two cases

can here
Is dim Has you Emmentalperiodicall die 0



EI nel Le RIZ a E IR

1,2 linearly and over Q

a a

a minimal Oco is dense

Last lecture



Pf Recall for transations of compact
groups

abelian

top transitive
one dense orbit

minimal
all orbits are dense

D lin dependent not minimal

I hj2j to EX a resonance relation

I notallfo
f th e a

i
f coasts

f is invariant flats fees
f lo ta exp Catti Nj Ojai

Explain D exp LIE It Lj

If Eremite



Aco 1 t is co f I

X 2011101 1 proper invariant

Tak closed subset

IT X 0 open
O o is not dense

Y is not top transitive
not minimal

Pf teams a k y coat to
a dense orbit ytoes dense

y'tca et qt Ge ET
yj jojo Ge et

ee
I y't no kaji jo



I 2 lin independent minimal

Lemme M compeet separable metre space
Y M s M is top transitive

Y Tete M open a k sit
ye cont to act

Rt Ex KH

not entirely obvious T

for E

Chee
is top transitive
Y It open invariant

ont to
every

co invariant function

M
is const

could have used in D clear anyway
To the pf by contradictions
O V open invariant
Assume Int d

Xo foe
et

O se doo
f e E Th invariant

s f I const flu 0

t I I a e



f O Efq.expcznizky TCk.O
fcotas tcofmketlkftg.sk

fC0 2 Efyexpfizki
exploitKjG exploit kid

fi f exp ziti 2kg2
at least one 0 f const

K O

exp at it kj2j I

I kj2j E Z

1,4 da lin dependent over Q
4



Inenflowsouth
Yt Th Th

Yt O O t

0 Q's Qu
2 Hi Lu

4,1
very similar to
translations

Runt only Lily matter

Prof all ratios Lila E Q
all orbits are closed

Li kn lin ind over Oh
all orbits are dense
minimal

one orbit is dense
top transitive

no 1 here it's easier for the
orbits of y to be dense than for yay
Pf Ex



IE IIahey
ID case

24 Q H TE IR V E O

F k M 21 St
I KL m XI ZE

This is a Kay dense in 11212

PEE Kronecker
1pm ind over a

Y Ay Xu X EIR HE o

F me Cm Mn and k 2

s.tkkeIKLitMiTill E

PI ka dense in The 11272

Rmt Rich connections
Ds numbertheory



Rmf Translations on compact lie gps it
are isometries
These examples exhaust all the
dynamics complexity isometries
can have

Essentially nothing more

complicated con happen



ExI Gedesdeflowe
shipping details for now

Q a Riemannian manifold closed
Me STQ unit tangent bundle

Yt M M the geodesic flow

gyri't
r the unit geodesicNlt with
Uco q I lol et

ytcq o Nlt Ect

extremely important

EI T RYU as a Riemannian
manifold

a flat torus

STI XT

Excepeny
0 99 fi I.e

4th se 2 se tteok att sins x

ftp 1 inthdveution
atv



É
the orbits can be all
closed on all dense
in L court axt

Rut 7 other flat metres out

T RIP D X 21 Y Z
X Ye 1122

Kitty tt men

But their geodesicflows are very similar

More interesting examples
surfaces of const neg curvature
Late


