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Morse Theory Math 232
2021W

i lectured
A fe bouttheead.si

Not on canvas email Zoom links
02 05

Post lecture notes
record and post videos
No exams on 12W

But mention problems in class
Presentations E optional

the end of the marten
No textbook discues sources below

Prerequisites The manifolds sequenceBasic Differential Geom
o 6 homology














































































































Textbooks and other sources

remorsetheory by Titab Kee
IpseforeLectures on Morse theory

old and new R Bolt
BAMS I l1982 331 3580 Rec Floen

Many Diff Top booksHirsh Eon.mg aDjboNouihoy theory

Riemannian Geometry and
qeocnfaeptnzftnaoYYE ketooms.tme.ee Latter
a Floes
MouseTheory and Floen Homology
M A u din and M Damian 2014 Theory
Lectures on MorseHomologyA BahYaga and D Hurtubise 2004

In mid 8Os a new way of thinkingabout mouse Theocracy Floes theory
was developed
It is actually a variant Csabset
of Mouse theory but it has influenced
the theory as a whole
Own teetment in this clan will
be modern based on this newperspectivebut we probably only briefly touch
upon Floen theory as such
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Morse NovikovTheory Erman

Morse Bolt Equiv Morse Theory

moresewntnheefkfyfofwospfffdiesmilno.es book thrilnor

Mouse throng for closedgeodesicsand LustermikFet than I Do is notes 0 Bolt
Convex Hamiltonian systems
Periodic orbits a la Ekeland
Fadel Rabinowitz p f ofWeinstein conj in the convex case
h cobordis th m Cmi Inoa Appl to
Lefschetz hyperplane7hm top alg

Bolt periodicity gym
geometry

cover E

Hamiltonian circle actions
symplectic geometry calculation
of homology a la Eph ete














































































































whet Morse theory is about

I a reasonable space
eg finite or in f dim manifolda closedmanifold spaceof closedloops
orpaths with fixed pts

f I IR reasonably nice smooth funk
eg a generic smooth function on

a smooth closedmanifold or

length or better energy
x fiseidt

Goal relate critical ph of fto the topology of IF homology on
homotopytypeNotptsettopology

E.g Lowen bound ou I Critity
in terms of H I
In particular the existenceof en'tCt
How do we know 3 at least one

E g existence of closedgeodesics

conversely understand the top of p
Le g H CID via the shr
of f and in patience Crit f

more into
Notes many hugely important objets inmath in physics are critical

pts of some functional f variational
principles














































































































PaetIimtry fon
fiz di mmewifolob

s.ee P MicYd compact OP o

can be relaxed

f I IR ks 2 usually a

crit Cfl Lp I dfcp
the set of fcp o H X ftp.P

critiolpt
q on produce a meaningful

itch
81 Motivation Examples

Ed I emit ett 132 not very interesting

3 mex men

re IRM

Pim e But here we can already look
at some interaction with top
whet tf 1 crit f 1 2

crit t Lurex min

Fact I Eomeosth but not necessarily
differ

AReturn to this later














































































































Ex closed
surface Inn

2 height function

pecnitcf TPI is horizontal

Mex Mex p Mex

D Ez

µt gy saddles

min
P Zo 2 Q mis

4
m upmby

6

These au

ieoowplessuqges.lythat I tP Egt R 2t2g
surfed dim the2gof genusg

wish














































































































Notte e other teen g o

Butalmost

EE F f F Ig IR

with exactly 3 art pls when g I

sphere 2 g o 2

Eobvious
construct such a function

qthwtgfftei

ttiwticoHap.se all 2g Sadd es Endo
me monkey saddle

Ex a

smfh like Rez2Gt I

Is
was
f const x monkey

Rule This f is not a height function
Battunetonabroad elanof
functions Mouse functions

key definitionsE p 8














































































































Rink Such a function f connote

EI be the composition

Eg
1123 IR

embed

But it can be

2qz.IR ZslR but not Eg
Ref c From Elijah
projectenelid.org euelid.ijm11256050732
T Bane hoff F Takers

Height functions on surfaces with
three evitical points Illinois J Moth

19 1975 325
335

7














































































































52 BaskDehiuihaes ma.ae uchous
ez and the strategyf P IR

w

p e Crite ft

Def The Higa of f at p

dy f TpIxTpI IR directional
derivatives

viol L L f Icpv w
couldbe it

F To eat of od w to v f heon p
E T Need to check Independent of FTo
I FewAPI
Prod a well defined Iud of Traut

b symmetric
c In local coordinates the ordinary

diff co w If
hessian

being
P riWj

where 0 2 rife w E wife
D Coe Xu local eooal

nee n p














































































































Rmd Condition p e Cri't is ees al
otherwise dff is It well defined

E OHcps o I a coordinate system
Cxc syn X

nee n p s t

f Cx X
In feet one 66 mehe fCx X t QGe

T
anythinghigherorders

pf.es a b

the dumbest and simplest way to
prove the prop

Proving e i

Laf ZTgf j functionsj of se
e

who ftp gLowjlp94e lIf oEpf o

n ee

E Ed 5 faith t
Vi Wj

Tsing more advanced tools of
calculus on manifolds














































































































aeoE.fr
tHiLgLwfLqLuf heg.wzf

dflew w I

0 p
Again the condition dfp O is essential

coordinate free pf a i

Already know that dff is synemehr
Need to show Icp o dp'ttow o

But djfcw.TK Lallyflips o

Iepends only onFcpSenko
a














































































































EI
pne pint
f projection to some direction

e g sent coordinate

Locallyp o
I graph f

foes III tightest

the best quadratic
approximation of f

a normaldinette
B

Tpp
Iohemseffeetendemechee

if Ip TpPxTpP IR

I graph f
ser y Kut Local cord on I

in

Rh














































































































t u s

PE Arif Cf

Det P is irate it
dff R non degenerate

b The Mov x Coz just index
of p in the index of dept

o indpf E n the of neg have
diuP squeezes when

dfpfexft.tk xeI xn

c f is more if all hitch a

non degenerate

NItio.nl Criticf crit pts of ii des k
DI 2

EI e

Tao
Max inD 2

I o u

I

i

A
O

P c 1123

EE A Monkey saddle is degenerateunless k I














































































































Goat
the criticalpts of a mouse

function to the topology of I
In particular prove
MouseInequalities
llcnitz.ch3dimHnCIT

strategy

Yo
this

inmd.hfiefekm.IE T

and looking at how the topology of
Ife 03 changes with e

Reims
Howdo we know Morse
functions exist on I

ottsaeehnoug.com
mon

g














































































































3_ Regular value intervals lectures
01 07

key pt nothing happens to Hee as

long as e remains regular
To be more precise

f I IR

Tompact or f is proper
a b e IR contains no critical

values

Pvop H.se is ditteo to Heb
Rink only wetters that

j f
is

PI Use anti gradient f low
key tool in Morse theory

Fix a Riemannian metric on I
TpPxTp R

symmetriespos def
If i of df
It foe is orthonormal basis at p
metric E doe p

Tf is c f is CZ














































































































Same as

If Cpl 28 Cps on IR
1

1 ff df Ctf If of k 112

X If
Titus Lx f I

y
t the flow of X local existence If c

ddt f cytcoes f Case I
N

r f e

f decreases alongthe flow linesof with unit speed

it iii it
ditteo

Techies
compactness yt is defined for all t
a b regular If o ou f fo b

Rink whet to change when only f ta b

Ex
is compect

f Ea bi compact f tha e D coupe it

Replace x by g X

IT aint emotion
Iii














































































































4 Morse Lemme

Answers the question of what
happens at critical pts
But actually more significantthan the't

Prop CMorselen ema fee

Is i i ir
fcpsiEtzd2pfjk
iudpfIuods by a local change of

coordinates near P one can eliminate
higher order terms is theTaylor exp off
Rmd Going from d2pf to XF xftxk.it

is simply diagonalizelieu ofdffliner algebra

ph the mouse index is the

only local invariant of a non deg
critical pt two wit pts withthe same

same index are locally differ














































































































Morse lemma gives a local picture
of whet f looks like near

a critical pt of index bn

Exampled
To be used fee

c n 2 12 0 fCx3 xftXz2
t

min
Ceo

f e
2 n 2 k I text if saddle

is iKane
3 h 3 k 2 I x XI xf

f E














































































































Peddie of independent interest
Lemma Hadamard

in

J
fi.FI R fcol o

ofI gi IR Is 112 gilo o

fCx E g Lx Ki
near 0

Rink can replace 112 by a steam strapped
domain

attempts what doesnotquite weak
n I f Cx x g Ges g e ch

l

D f isrealanalytietGc Aot A X ta X't

a X ca t a X t I x g se

gun converging

But in general the Taylor exp
neednot converge
itAny powerseries is the T expof some function Ex

if it converges neednot conu
to f

E g It can be identically zero














































































































2 Capitalizing on the assumption
that n I set

gcse
fChloe se o

f o se 0

Need to show thet g is ch 1

Not entirely straightforward
EI Rone f c get

f c g c

RI The condition that
f is Cl

is essential to get g e i

E g tex Y3 anddefined at 0

gas not defined
at 0

g o














































































































Pf 1 FTC
fNI f ex Cf dat f Ctx dt foes Leo

chavince
g se f'etoadt

I
se fo f Cta dt regex

n

The3 IE
FTC

f case I did fitoesdt
O

t Izietoodfinitt at

fo fi ietxsIiidt
E.oeifo'fIa.ltsesdt

gibes Chi

Again at 0 an
seigila gicolffm.la














































































































n en
Cion Assume f IR IR h 2

If co
Cr z

trig 112 IR s t

e f Cx f co
Zg hey

Ge King

hij o
0 Co
onionj

PI Apply Hadamard's Lemma twice

Rude hoj hji but we douit
need this














































































































PftIm e

The question is local can work in 112

w 7 0 f co O

f i CIR o 112 In reality interesbee
p in germs
nbd of 0 e 1124

f ex Qese Rex remainder
a

diffcog the Hessian

want a diffeo
yo To fu o

abds of o

Q

Homotopy method i important
Moser ref to syrup geom

class
e g the pf of
Doubourethue
Moser's them 1

But the pfof mouse Leucine is
a bit harder














































































































ideas D set ft QttR
l t Q t f

t E o D

Looking for a family of diffeois
Yt neon 01 yo id

seemingly a
set t.iq Q ifeng.it met

2 Instead of looking for It look
for a generating time dependent v f

Vt t E o i

day 4 teas of Cyteses

Differentiating in t

ddtf.io4 0
FTC

daft ques LeftHead o

I Iff t Loeftp.fm.seApplyYI
ow just yaytext














































































































WEI solve for 02 10 WV
Notation f case ex Rec suppress t

t

fexs a zxixjgg.CH fa
Messias a Rij

I xisejaijt seixjRijb.cl
Gcs Rex

underdetermiµ
Qc R

y

y
Exisejaijit 272g Bij

probably
equal1 b

seise RijGc T.ggeivjl2aij tlRijtRjiltSOM Mrl
just

seise Rojas Egri rjl2aij
22aR.IE

ugazo

Ej Kj Rijos 22 aijttfhijbe.tlOj

systemof linearFilm equations at cost
ius n n














































































































2tag ftp.ujcnl matric Atlas
D at O

F Atif Athos Hessian

F non deg

non dogfor Tete D
and all se neev O

set yeas A't bell Get
Nuance e impozlet need tomake sure

yt is defined for te Ee D

Yet Iniquenen is localists
0 61 0 o O

tuGet 2 sejkijb.es
O at 0

Beam the existence time is lower
semi continuous

yo nd at se O

25














































































































PictorialPtoftowensemicontinuity

y'Ty

domein

Main ft ytly exists and is close to

ytcx as long as te o T

H y is close to a

s

25h0














































































































Digression Broader Eoutext Lecture 3
No malt m Igul.ie Func ious

Consider a class of objects 113

a a matrices linear transf
b a symmetricmatn f quack forms
c o functions near a pt p o e IRL

with an equiv relation coming from
a gp action word changes

a A M B AB i

b o A e BA DT
Ces e f ans fo y y diffeo near p

yeps p
Normal form A simple form
roughly 9 all for some objets
speaking can be brought to

E.g Ca Jordan normal form
b a diagonal matrix with Il on 0

on diagonal
whtabouts
Is there a normal for me

for functions near p
Not really but YES
under additional conditions














































































































Fact dfo o p o

a cat seals of flak X te nee e

This is Ex on p 9
In other words all funchides
with dfp o are equine feet to each
Her Cup to a coast

Nextstep Focus on fincheswith

dfp o

Mouse Lemurs Normal form

p.ro Ahtd2pfB non deg
the only invariant is thouse index

One can go further and study
whet hoppers Jhene d'pf degenerates

EI For hot functions of one variable
Ex the normal form is Zktc
For smooth functions the
situation quickly becombes complicated
subject singularities of smooth

functions














































































































c
EI f IR IR near o

f o f 1
o O

fck o 0
near O

F a change of variable 41112,012
Hopley t

y
k at

Hint use Hadamard's Lemure

The situation becomes much more

involved when u I

see 4 Arnold Varchenko Guseis Eade

Poff

Hadamard fcxs txh.gex geo o

xgc
K k

y UH differ a

xgcx
y glo 40
Tl














































































































5 Some alg topology CW complexes

References Any goodalg topology
book e.g Hatches

Attaching a cell procedure
X a reasonable top space

metrizable compact or toe
compact I

y I X cont mep

Def Y Xu Dh j 8h ID
t closed ball

isobt aimf xby.attaohyann.cl into

dougyYXuD x yeses
a

EIOD I
This is again a reasonable toy space
In what follows we are interested
is spacesLmaps up to homotopy

290














































































































Ex Fait yo y chomotopie
eHatehe

p x l
changing y within its homotopy
clan does not effect the homotopy
type of XuyD
Det A plex or a cell complex

isobteredively from
finite collectionof pts

byaItaiugee increasing
dimension
Xo C X C c Xin X

graph
where Xm is obtainedfromHk by attaching
one or several k cells

Rink Here all cell complexes are finitefinite of cells

One is allowed to skip steps
X X Kil

dim X is wax in that occurs














































































































Ex
h

pt xD obvious
IRP pt 131 154 Dh hoteliore

o Qph pt D2 4 2 not standard

as
Th I D

o Ige D

Tgs
dim X L x is a graphdef

more generally a simplicial complex
is naturally a CW couplet and
k cells k sinleels

A good ref for this the neo

is Derbrovin Fomenko Novikov Port ET














































































































Prod X CW coplex Y XuyDkt
Y has hourtype of a CW complexIt

anietweoh
have eenisot

higher dim attached after Lowe dim

Xo C X C cl kcXka C C X

et Ii
Ned Y k

Idea a Z 313
top epee ball
space

y
k Z ten

3 up Z y sat

YC 4 n B of

0














































































































Then use induction

Xn u Bhi uB open balls
Push y outside Bhs ete

s'ome minor corrections

Bhs Z replaced by
F D Z sat F B Z homeo

closed ball n ou Eb

F CD4 is a unicea DEBT image
compactification of 13h

Need to know that
F z p uc JEE

I FoRoyan Yad e B
v

defined pet yC 4B

Ee cheeky e O y y Rhomesggg














































































































I.no rueiug euaol
we are here 4

k Dh kor.to
Pee no curve canuotbe_clbySavds

BirtFydyeco
dos_etots.t.LIl 4B Bh

idea approximate y by a smooth mop
or rather a map uhh is smooth
on the port mopped to 13h

Details Dc Bh a slightly smaller
closed ball

µ

K connect

YCODE 13h

a y
k

z s tB
J y t

µ y outside B
ish

jiff
y y inside B

they
ii y v B D y4 4

to the Weierstrass to construct y A














































































































II some AlgTopology CW complexes

Homologysetting
TFground field e.g HI on 21

X a CW complex
ki k dim cells i l tie

free v s Cmodule over IF

generated by eki

Key pt is a

o co E C Cz Cut O

s.t.tl CC 9 H CXj IF
suppress in
nothin

Coustfd Assume 21

Note a Xk1Xµ j

bouquet of ti k spheres
labeled by eis er

want to delined de'T
F

www.ftohow
aeY j2mije I are 350














































































































Attaching crop for e'T
yp.DK 7 X Kil

U u incidence
4913 X FEEFI g K

UT X xklxk i V.sk

psi
mij deg.ly f Z collapeiyothen

spheres

Rurik For other Fds take the image
of Mij under 2 IF














































































































Altermetivelyandmoretformally

Ck H Xk1x 57 FK

Consider XIX z Xia 1 21 k spheres
A B

Then A B E Xk1X Lory exert seq
H B H CA HalAIB H fB 2
k k k k i

g
ca ee c

so we have a connecting map in the toy
exact seq and this is

A ftp.CXK Xk i SHk iCXk i Xk

In whet follows it is more convenient to
break it down into two steps

D HisCXKIXK.cl Hk CXk Hk CXk IX k 21
Connecting mop
in LES fan Xk Xk ed 370














































































































Lemma 02 0

Not difficult but not entirely trivial

PI suffices over 21
inspired

N

write XE X dx e By starting with htt

D
aX X k Xk c

Hk Xin Hk Xie Hk Xf the CX I He lXI HS 8

ex T T

Long exact sequence for Xx Xx

Hk Xy HK XI Hulk I
Xk Xket

e

TEO I














































































































Ex Prob lem f see e g DEM

X isasimplicial complex

X is a CW complex simplices cells

two chain complexes

CIAA Ciw Mewl
simplechain conpl complex intro above
some generators

Prove that Oa Dew a

3














































































































K Yt X CW complex

Denote M 0 Cx H C 4,0
could possibly depend on the CW str
Xo CX C c Xu _X

tum H X H
homotopy inv

Lauer of Hom yeun pref

Pf induction in dim X

Assume done for dime njdimoeleehwkauotwnk.ae euume

Heflin t wCX HM I HEYXml
K II K E TH

than 4 1 1 H l
n tf Had

No obvious mop 11 1 1 1471 1
metonym diagram commute

Instead a bit more subtle argument
still purely formal
uses only axioms for the

z














































































































Actual pf X Xin

First Kote Fon k s n i

Halx Hk Xm long exact seq
K e induction

Hannah Heflin by def
Need to do ke n l n fo Xn X
LES for Xu il O

S o
Hulk Hn a tln ilxn.it Hunk Hm

Cn ZE

Hulx Ken8

Human _Keno Hut n
4 Hulk lt Hn LXxhI

JCn Cn c
LES for Xu Xu 2 IF

Mone

d
Hn ilxn.i ottnilxn.it 2Hn i III 3

H
O Cu e

Kad kenaf Hn ifxwalZI.TT
H Huw

Cn i














































































































um un ITI HI ex

Ee e work out the details
I skipped

EI use cw str to calculate

H Eg
IEeg f
F z

H QPM It O F O O IF
0 I 2 3 2h I 2h

H sippingAI E Fa
O h

H IRP 21 Hardly














































































































87 Mainthm MouseInequalities
a

f I IR Moyse
closed moni fool
write Ia Hea

Thin a se s b the only evil value
in to to

f
where k index

cos I has homotopy type of a CW

complex with one cell for each

f
sainte's IE i i

v














































































































Ige
T aeowplexce.in ith

aEEEuEE.iiTe
V gang field
lore Movseinequalities

t.enitftllzdimttklpj.tt be
oh

candimly irk the Ij Z

ref.ua Ieeqnelities over

set hctt a zdimFTpj.tkddmctI2lCritkcf t.tk
v TT
Prod a a pol ret with weft o

such that

met t as
e q q g µg

Cen Een ca I bis Pf set te i
in














































































































Pfofp rop
This is a purely algebraic fact
Complex CK CK dimer

Hk be dim the

LemmaEx_ A complex over a field
can be decomposed as a direct sum

of elementary complexes

o E o ou
Essential

EE u o Knot
For elementary complexes ME

obviously hold
Additivits general case a

Rink Can replace I by Ia
everywhere

Ou even Naef b If a

Need to take rel homology














































































































B PfoftheM hm

and further refinements
hadlebodies

some prelimary pts
can assume a _e Es es exe _b
so Thet 2f a L f Is are very
close to It Cf
For the sake of simplicity assume

only one critical pt on If _c
Call it ope k indeps
General case similar

Fix a mouse chart v heon p
and a Riemmanian metrics Euclidean
in

X I fI defined on outsideritpts

cut off function near pi
F h

neon p
1 Pio

Replace X by h X cut off below a

to get vid function off q
of other critical ps














































































































the flow of X is defined for all
times

Outside 0 yb a B Pa

Pa f LL
I f e e

i c
wax

Ipa
0 f e

Fyb auf by
f c e

y
a CI Iau nbd of asteble

manifoldof p
DK r

Baud's r

r














































































































i

fitifa IEIE
I

4

In fact we proved much more

AILachinghaudies
smooth analogue of attaching cells

consider X manifold with

H Dk xD K k handle
boundary

0 H
k xD

h K.uDk h K

y
k Dh K X differ

Y Xu H top manifold withe
cen be made smooth














































































































7

IEEE I
isha

D
per smoothas

ax
corners

ox.IEEti.XPa
Is as

4

FIE
x

xD 2 X

attacking along

xD 2 what we proved is

ihm Pbkivnpa.by
kEhiffoafikaehEkle.tonerero

fee














































































































Need to know that MorseLeuchter exist
Cos A closed smooth inenifold has

a handlebody decomposition

Rude Do not require k handles to be
attached before kel handles bet
this can also be achieved

EI Ig is obtained from D2 by
attaching 2g l handles and
one 2 handle

RmI Why Morse Lemma doesnot matter

Near a non deg critical pt p o

fCx Que Roses
non deg reminder
dff dominates R

If IQ IR
completely dominates TR

smooth and top picture of f mean p
is completely determined by Q

I

A some local dynamics














































































































9 AG Q Applicel.io
Di faewhalTopology

then
shippiydetails

tremors h
ies

touudersteudthes.hn mauifo2ds

strategy stoutiy with f I IR
Morse

try to simplify f to get a few hitch
as possible 8 as simple as possible
handle body decomposition
Background assumption I has a

Mouse function to prove later

Lowen bound to how simple f can be
mouse inequalities

Det f is perfect if 0 0 in the
associated complex levitytil b
In reality one should also worry
about in the background

Ex
y

perfect Fetfeatimorktitura
are we














































































































Ideally we want to start with some

f and then modify it to nuke it
perfect but this is rarely possible

Two preliminary steps always work

E
Gm modify f to kill extra
Mex's mis's fo mobe sure

only one wax mire

HU

EEE Gu move lower index pts
below higher index pts
f ad stays index finally
C sliding handles
similar to ow complexes

Beyond these two steps things
get tricky and one has to

impose extra conditions

Rd J Milken Lecturesouchee h cobordism
thin














































































































Applications
a classification of closed surfaces

Elementary see e.g Hirsch 1
but tedious

2 The Poincare conjecture seemilnovy
pish I onboomhany other

homeo sources
n 5

ftp Yoriewteble
Them Fon every closed 3 manifold I
3 y Eg a diHeo s t

H P MqmIs
I µ solid body with

µ m g handles Me2g
SI y














































































































Outline of the pf
f I 112 Morse with one mob

and one mile

and index 1 below index 2

Poincare Duality lait Chile 1 Crit.LA
to be discerned later

Mex

x J index2

iii
min

Passing throng every pt of index I

attaching a 1 handle

oviewtebyilits A.ATA no y ne

y g
just above mis
03














































































































Ifs c is a solid body
with some g headles

similarly for Hae
CReplace f by f

New I Hee u Ifac
a M

foundYjidalifaution

Rd This does not lead to an

classification of 3 ineuifolds
Problein impossible to tell

when 4 Ig 2 and y Ig I

give rise to the same E














































































































4 Thin I admits a Morse function
with exactly two critical pts

I Euuos.me Aeo

pf Ow tliue
id l

B

442
Bh

0

Morse lemma f get E 13h
f Ei g i3 2134

f eo.kz Ipg g
ditteo

noontpb
f ie eye D D

b Now we have two copies of 13h
a drifter I DIIutehingD BhuyB Mpa map

BY

UBU 540














































































































a claim y toadif
In

Bh Bh Knot true

Ex
D DeFeo

in senorae

I
claim ye xlenhomeol.lvB 513 always true
1hm I E use radial Note

homeo
se

LI 464
y

YLy
a

550














































































































10 Floen Theory Perspective
Fetes

f I IR Mouse

CW complex et
CriteCfl k cells

a a complex 6 97 sat

en is generated by CriteCf
H CC I H I

E istodeseribedexphuty wthout
usiug.orgogya dCW wu P

Def CC f CM HIP unouftion
is called the

MN off
we heve Want to

describe the
ox Emcee g Y Mouse differential
a ncf yeaita.tt eioplieitLy

Rmk Depends on the metric I














































































































Ideas

ind k x index indly

Ill generically
finite number of

ind h c taffotingugdatreyjectoris

mex y of traj x y4
parity over it 212
on with signs of over 21

Ee kzfuucti no.tt doI
i Xz

i E i
D O

O X ie X D X

OX Ct 1 Xa O














































































































In whet follows I'll skip
most of the pfs but explain
ideas Usually intuitively clean
but tedious

References

Jost
Audin Damian
Banyago Hurtubise














































































































construction of the Mouse
16 IT erEPreliuriueuies
while em Cts is completely determined by f
d depends on an extra sth a R metric

on M

Fix a R m on M hasto be from a
certain openanddensesetof R M s

consider the antigradient flow of fi
Be Ifca I

set Mae y z y ya
at

AM
se chit y t

Denote the index of x byprod

y
NLte dim Mac y I if of

feats
E i

of dimension poses preys














































































































Explanation

wheel pl ytep se t s a

e unstable manifold

Wscoe Lpl Utep seat to

stable manifold

Morse Lemma om just non deg

W se Dk k yeses indese

WSC a Dh le

Mose g IN Coe nwsly
generic metric wucastwsey

p
requires a pfbut not hard

Uca y is a manifold

dim Uca y in dimwitted dimwsly
n pas th guys
fuss Illy 4














































































































Rink a dim U e o U

b dim all 31 with every pt
ill contains a whole trajectory
Here se y

c index E indly
Max y d

EI twenties

f generic

µ
not

i
ti

red genome

Rule
green gowns

Howtoadhivetronsverasality
Look at franca n fee n wsly In Lf e

fup ecstasy perturb the meth slightly
p

veg above e to alter














































































































to.IS ouIdiugtraudles
Recall from 89
Prep I admits a mouse function s t

t

teas f y flat 3 prey
rt x y e Chit f

Pf outline o start with some f
and modify it by moving
enticed pts by eeck others

Need this
x y the only critical pts with
a feyeful ab

animating t in cab so at
f ly f x

Idea
b

tt f

y
in

a fly peasN














































































































modify f in a abd N Ese
ConNo2g

keeping it the same hearts

can give u any value in La b

by modifyis how f changes

N is sketched unrealistically
A better way

any value f cat
in la b

a














































































































10.3 Moremodernedifferent perspective

UCx.yt the f pemeze.cl
tnj y I

2 from se to y
µ yte trajectory initial condition

Itcz s 2 y Cz

Time shit it 4th z yTcz
t y't5oz

free IR action on Mex y X y

sp ot upd dtrajeet oies
llese.gl lR

fJonas th le y is a smooth manifold

ofdimmexl plytIE.grµGot Mys t1 A is discr

Note M e th are usually non compact
Geometrically it can be
identified with Mnlf et

toy system
regular














































































































For a generic metric

them M Go yl has a compactification

zotormed by broken trajectories
Such trajectories

1ft I TIE's
X za manifold withcorners

Y Zz

Rink f en fi 2,17 fly
pulse pet41 µ ly

core YETIit compact finiteconeution
of pts

st me fronx toy
tongue














































































































10.4D t_
Fix a generic metric so feet all the
thorns hold

µ Ca ply t I

Over 212 set

3 a mix y
these

g I mod 2

Yin mini ms c s

Over 21 and hence any ring
to take into account oneektious

Fix orientation of Taw Cx V x

coorientations of Toews x

orientations of waves
www.owtetiouofwscs.es

orientations of
Mca g Wucainwscy














































































































token plate µcyl 11
Uca y disj union of finite

of trajectories
Each trajectory tis ow oriented bythe flow

O X

Twoonient etions on A Tfr

signage
1 orientations agree y
l disagree

And
mesgyiqsignlm

n

t.itlose 2 messy yl
halsey nWYH N v uHz

X

EI Do these MfYk

if gg

is

To2














































































































Gio.iq t CMIdis acouplex

o

PF For the sake of simplicity over Zz

Joc O 2 Mex g yy
Julyjuly ti z messy I mcy 21 Z
ftp.yuhltl y z

I f Ey mise yim ly ti z

mod 2

of broken trajectories lone broke
from re to Z mod 2

Ei
broken trajectories come in pairs

is even
2 muse y mly t o wood 2
y
92 0 a














































































































Set HM f 14 1 CMHIP fixedcoefficients

iI
Rinko As a consequence 4 h s is

independent of f can be proveddimity
We have already seen some

consequences Mouse inequalities eh

outthept atudin Danian
classical Morse theory oBauyagatluzhbisemetiof sce B.li

ofM_
Crit Ctl ms W Cod cells

M ey
Cri f

CHkef
cetl.nl wpy
of M CCM

dm New

H CMH H CCM dew
a

H LM














































































































1 ca ousofHIM using
theory Appeliotous

H M 11 1 HM f Gm

very difficult
work well when 0 0 to deal with

in general
Examples over Z or F

1 E

U

should come
from se

dy _o
ya

11 Orientations

aces IE I Ik o














































































































2 Eph over Z or F

Eph Zo Z I E lZjF I

f z I 7jlZj 12

to L X C C du

EI a Chit LII coordinate axes

CO
go.gl

0 O Xj 3

b In coordinates
U no Uj l Uj g gun

At Nj

dtg.f sao 7gnuoftfxp xjllu.it skip j Ij
a 1 Tn Ij lUnl2

f is Morse play _2j 2J isa complexI o

H C page
Ofk Eje zu

O otherwise














































































































3 iPPV
similarly IRP Cyo yp I 21

12 1

fly E Ij ly I

E similarly
a Rj Lo go o got hikedpb
b Hessian c similar some calculation

µcnjI j
c 9 0 over Zz exactly two

trajectories from sej to Nj
for the round mehrie

i

x x

Huf kph Zz
2 2 IKE h
O otherwise

RIL Over 21 border orientations














































































































Lecture G
a Hamiltonian 1 actions 01 21outs

actionsD a symplectic wowifold closed
te I IR Hamiltonian genevoliy

an action

crit H Fixed pts I's he

assume isolated
1KLast year syuplEquivariant Darboux geometry class

d3eH have even index

On o similar to eph

dim the I Critectal
Works for a lot of interesting manifolds
Flag manifolds Graesmannious
symplectic tonic manifolds does

Same for It actions with moment

map CH Hal

set 4 2 jHj generalization of Eph














































































































TwoTextbookApplicetious

D The Kiinneth formulas for manifolds o
Po I two closed manifolds

fthtCP.at J H CIoIx0H CP
over a field

PL o to a mouse function on Po
f I
Dick generic metre
the product metre on I xD
is good for us

emff.tt em Ct CM.lt
as complexes

AIofebrateku.meh needs a field

HM Cfotf I HM fo HM It

TEP TIES TIES a

Rinn Likewise over 21 on a ring
but the formula is more involved
algebra














































































































2 Poineeduality
I smooth closed manifold din Bah

H Hn over 21I oven other fields

Cod bk b
canonical tf orientable

If f mouse f is worse

f C f Ef
integral some curves
ensues but traveled backward
enitacts AnitaLett

CM Lf cnn.pl fk

init Lame Omth
use the hash

1 Hcc H Cc H c over a tied

the em HI Om H LCM Antti

H cI Hu LII

m
I

usetheory forC f to a

750














































































































12 Exifsefunetia
PartIiniatransversal itythm

I closed manifold 1232 e g
thin mouse functions form an

IopeuauddeusesetiuckCI.co
Every manifold admits a

mouse function Move over

every function can be ok approximate

by mouse functions

wekgiuetwopf.pt
1 based oethousversality

Pf 2 Outline divert














































































































Reising definition
Mousettion
f I IR as If section of Ttp

tf graphCdt
seeCritett dfw o

se e Pf n zero section

Tap pt

se Is

claim z deg Pg ata

T tT T
o
T

Pf T IEP

Tse tf graph CA Tap TIP
TEP I

fEt
Tap

A linearization of s y dtcyl at u














































































































Taff ti P at se Ken A o

s A B auto
A is non deg

A is essentially the Hessian

d ef co w Aco W

ra
T P T p
se se

A is non deg d f is non deg

Tattlip

Ideaotttof amasefunctions

stat with some fo Need to approx
byaMouse function f

Trousversality thus dfo can be

approximated by a e d CPI sections oft P
so tht Tad I Difficulty Need x dt

780














































































































Transverse City Theorems Review
PfIwithout pfs

Ret E.g Arnold Varchenko Geeslin Zale
on many other textbooks

Definitions Basedon Sardis Lemmy

X Y
V F X Z if

7text I
z H xeX with Fox e Z

ee
dimxtdiwfdimY.FI

goRefi.komF X n 2

key pt Almost all FAZ often even

extra constraints on F

EI Lo L a 1123 two embedded loops
For almost all of 1123

Lo o nL of














































































































Hint a Lox L pi
ee g 1 3 se y

Lo o n 4 01 a x y s t se o y
se y o

of Echo XL

dimChoXL 1 2 dim 1133 3

Saudis E Lo x L zero mean
nowhere dense
closed

For an open full measure set in Rf
Lo o n 4 01

a














































































































A seqots ekigs.nu g
constraints on F transversalitytheorems
k 1

Thief FAZ for openF
x Y and dense set in

v

z
CkCX Y

Xclosedmanifolds lek E

Renko Here and below it.se eazthot
the condition is open in ch top

Pf is based on Saudis lemme

X In zIf F X Y we say X z
X'AZ

setting 2 a
Z

Y Xx K o Z F X K
j

tf X Y se 1 3Coe Fox

Thm2_ Te h Z For an open dense set
in Ch X K

i fff.is

z
d

section of Xxk X














































































































settings same but
2 ax

ftp.aos dde
Tm L
M sections

Thm SAZ For an open and dense set

of d sections of it

Bed The clan of sections is much
smaller then all

ckc.X.TOmotT hmI
SThm3Needdeusity
so X Y a given section
F X Y FAZ Ck close to do

not a section into Fca se

y x To F Csc

H x x

Claim y X X a drifter Ck close to id

free
L F Ba ETI't't














































































































find

Itfsa.es udhiaethet

Not enough y id

EI yea set Esin woe

idya y
r t














































































































setting 4 Jet Trensuersality denudate
F

o 6
Next step incorporating Leefuez
A very basic minimalist version

J X 1 Xx IR X

j't Ldf f x TIX a section

2 a J X a proper submanifold

thanh j't tr z for an open and

dense set of tee
X

Cen replace Ttx by taxi
dfhZcT X for an open and

dense set feckx
k 2

Pt Replace 2 cT X by Zx IR CJ'X
dt by jtf














































































































Reh much more limited clan of
mops
sections of T X R'CX
tested
a df is closed x is exact

d a condition
outhe derivative

PI hu sefunct ion

set X D Z I cT P zero sections

f mouse df A Z P in T p

open a dense condition
in cha EE

Ll

Move details on transversality
approach byp.es
etTEYyiBanyagaHurtubise nosed on The

idea in this pf
t














































































































On the pf of ordinary trousversality
FollowigGuillemin Pollock
Assume X 24 are closed for the sake of

simplicity

Lemme E X E Y Ee It e
Ex

v

Z

It 2 Ie AZ tone EEEA

Hint I

t l
no

M Z smooth submanifold of XxE
claim i Iet 2 e is a veg value of it In

a
Lemma Trouser thus

iEi Ee f 4
E is a submersion Calveedy or A secondfactor

Its Z H 2

Ioe Is 2 for almost all e

To ke e close to 0 to














































































































Now when X is coupect

Toke Yes Rh
Come only about smale ED LEI

Take F X 34 and extend to

to a submersion

I X h Y

smfh life

It
Fisette is good

Finish the pfos before

8














































































































B ExifMorsefunetions
Partinightfunctions

Lecture 8
Recall 0228

I closed manifold 1232 e g
Thm 1 Mouse functions form an

open and dense set in et CIT

F I Dum from now on

Dc 112th

Denote by h the proj to v IR

I oe
m

ho
Eg the heightnuetion hx

Thm For an open dense full measure
subset of m bois Morse














































































































Thin 2 Th m d a fee

f I IR ma

Pff
R Feight

1km j

Take of
m
close to Ema cirmt

h IT sobautho P IR
is Morse

f.ch I IR
hoo P Es IR L

d

Rink Milnor's Mouse theory
A related but different argument
M IR
nmdostpa
IR

dispend Hae par
is worse for almost all p














































































































pf ofthm2

x pan E.I hypez

tee.IThe 112
htt

G I 8h the Gauss map
x Use e unit outer normal

se

E K seas he

Pnop h EE.to eg.ualuesofG

I sards
nm 2 when I is hypersurface

Pick we F Ena convenient

Eid u ELI hitched

i4














































































































I

pf proposition Geps E Enn
Sirhan

g grg d4gispnou
def

DG Tp II
Now we can assume locally

Intr
l p F gn.ph g lRh slR

g h

P
112 Tpp _Rh

p 0

The second freudenthal form

II TpP TpP IR dfg
n
p dish














































































































6gal relate A p to
D
Gp

P qeps
Fist of all
Cen anume g is a quadratic form
g be Ip Gd t.com

do not affect DG
can drop fromthe calculation

g 12 Ax x A AT
2 Not really usingIp Coe this

Cen recycle lRh as a local
chart near o NP e

rusty orthogonal prog IR IR
NP along Nut
ID of

rIt
Mw

Now DGP Tpp To
4

w
18h 8132

ex

The horizontal 2R he 900














































































































K 4 DGP A

Cp is a veg pointof Ip is non deg

exactly what we need

Pf of ten claim
Use vector 2313

It highest calculus

I t

GW_ j g Ges sax a

Ititgeset too

Aze too

at p Doe A 1

This finishes the pf
in the case where I is a hypersurface














































































































General case Phe 1Rntkti m

The Gauss map and Normal bundle

Np n to I c Rhx1Rh

Hq a e Ix IR I oetP normal to P
at q

q
Vr I dimNp in naker

v Np F I vector bundle
of

SNP Me the unit normal bundle
L sq or I Hou I c NI E I

should think of M as the boundary
of infinitesimally small nbd ofI

Rudi P hypersafee
M two copies off
inward outward

dimfm SN.pl m l

p G M _ship Lm l

Cq u














































































































i P
i

M
9 gu

i

Pzp_I 0 are veg valuesof G this Morse

I and
safe yo u G c a CnetCho

Thin 2 I 2

Pflouthue
As before con anume G em verbalVen

ref 0

IR

mg o

I graph g Rh s 1124112

SNqP














































































































write g s F
the height function

By constraction g Cato Dg Eg's o

Node as before care only about the

quadratic part of g
what is DG

tog
k iRxiRh TgogM1k

irk Tgif I sNqP
i

htk.ir R
GlsNqp id

h
DG I DF does not wetter

int ts x

as for hypercubes

is auto A is non deg06g
digh is non deg














































































































Anappliere added

MelRh hotel _Lagos proj to0212
A

ft Kh
1k

what we have shown is Thet

t uT
ft h is Morse on M

Cin Fon a dense set of p
sets Ip self is Morse

PI f ca n se IR

f en t hoon en se t Luger
e esetter utter IUoll

cutter utter is Mouse

can replace 0 by any Pt a

Led hot














































































































Next Lecture Short

814 Digression.ie etinM ose

homology Ret Jost

Recall
ski ppim.IS
quite technical

Is any
reasonable spat
HMI is a graded unital alg
Product cup product u

Eg Is a manifold in HdpCII H CI IR
Ed u Ep Lap

u

Assume now I is a closed manifold

Intersection product
a b e PD e PD a PD bi

la bl lait lbl n

unit EM

I HE tehL
conceptually II IAB g b AaB

asf














































































































Key pt the intersection product
has a simple interpretation
in Morse theory
Even two

setting i f I 222 Mouse

CM Cf Mouse complex
gym f H EP Mouse hom

Interpretation I HM t is a module over

EpJDHI'H CP HM t HM.tt
D ean achonofH LPJonHM l

hbEHlI b E B'T a cycle
a e HM Cfl a _EAT A Episei C CM HI

Fede
B A Epi B see need to def this

Think of B as a generic immense
submanifold of codim e

Discuss
B se E E B.ae 2 Z

Z

Base z lollCoe z B
ofwastradwb

uF µ wTK














































































































UG Z

ieq.nu iI E.iucoie
2

a finite set when
hold Bos generic

There

0µLB w BD w

la f m

a cycle
13 descends to HM Cf

The resulting map depends
only on ITS b

EEilly.ae tovmally
em Ca
se p w ex

Boz 2 x Z1

Ucsc AND

µuexsIw ezfnDl
In














































































































Interpretation I Product on HM Cf
intersection product Cpj

Product on cM Lt
he two functions

Need to define fidelity
cM CfiI CM Lfz CM Cf tfa
Seay 2 x y Z zeeufztenhe.mg

plz Moses 14cg n

Idee e Replace'D in the previous couch

by Willy informally the
chain y givesrise to

tonally

potfulconsiders pt
re tf

gini tf
y

µlZl fuses 1pity n














































































































For a generic metric a fiutely
many such Y shopped traj
and there He is ex y z with signs

As defined it's not associative but
Onex y Omx y xD my

C I think
and on the level of homology
we have

HM Its HM Ct HM et
I n 2 4 3

HIP H I H LI
intersection product

Rink other homological features
of I also love similar
descriptions via graphflares

Rmd Wow't
H Cpa the Pg theCPA I

f Ef tf














































































































Parti Lusternihschnirelinann
Theory Lecture 9 02 02

c short
15 Introduction

veg
or 1

setting f I R Pa tea
closed

Q Get a lower bound on 1 crit Lfsl
without non degeneracy

Underlying idea both Morse 8 Ls

ftp.ahfsepj emit pts between a e b

But mouse LS procees this Cheryl
differently
Red LS is more versatile and

better adapted to higher dim

generalizehears

In dim Cru Mouse is deeper














































































































Comparison Examples

I Mouse IS

2 2

Eg I 2g 2 3

ai
I
don't
know
this yet

12mL In general 25 is very fon
from sharph
Bet any I eclosed admits

f I 9 IR with
1 ChitLIYE nti CTakens

sharpness of horseTheory
Diff topology Poincare conj

h cobordism
ete

Nextel Droving IS lower bounds

stat with a very traditional approaches
in topology Eeg FomenkoDabnovin Novikov














































































































ftp.calpreliwiuev iesi
L vye cup leugth

X a reasonably good space

Dfef LS category of X closed or

eatCx min Lkl x Ai open

where Airs are contractibleto pt in X

Ai est Rnib A i.sn nob

need not be connected
beinjective pt
EI cats hj z

see later

cats IRP or Eph E nti

eat 52gal 3
it Mo

iii IT

f A3 0

Rink eat CX is in general very difficult
to determine Upper boundsin

expl constructions














































































































Lecture 10

more generally 02104

X n dam CW complex
eat X E ntl

Pf same argument i proceed intuitively

Al sonote homotopy invariant

102

I d














































































































connected
Det the cup length of X over F

ell X max Lkl 3 a e H't 9 1
re U 2K 0

clearly of clex e dim X
when X is a manifold

Rink depends on the ground fieldto a more general notions n

EI et _I
el IRPhou Gpu n

w
for212 any field

el Tn n ai does
2h

X I closed synpleihic
el CR or L dimI ai Ew's

et Zg 2

More generally I closed PD
cl CI 2 over 21

when Hi CI o over anything
sis u

when orientable














































































































Rink Usually elCX is not so bad
to calculate pretty primitive in

1Prod cat X el 1 3 11
iRunk the gap een be huge but

a 4
examples are not easy
to construct notationsmeuifolds

you think about atthis level
ConExe cat CRP on Eph n ti

Pf
claim A ex contneekible to apt

H CX A 14 4 soonto

Rine In de Rhem H cXA comes from
forms vanishing on A

PI ofthe claim
CACX cone oven A e X

t ca o a
Xu AxEo D Axt a 1 pt

HEX Al HEEcam
essentially by definition














































































































ft A X contraction to a pet
fo A X

f CA pt
Define F CA X X

F se se tou see X
F art ft ca
i

ITeacxsFi
id Si F idiuH Cx

4
it is onto a

Pf of Prop Assume hecoirhronye.g

nod.it
eel X 3 eat X

ng

contradiction
to

X A u UA contr in X
d u ru Xia 7 0 in 14 30 X
j t

in µ soLx AiLi Lu

Recall tix A HMXB titch AOD

E g think diH form vanishes a AaB














































































































O L u v Lu I u u In O

unn n

H X H CX Alu uAa o

X

Ret Handbookof AlgTop
4

Discussion Edited by I M James
LS eat is a peculiar wolves

not quite happy with itself
some things to keep in mind

Not monotone Xcx at CHE cette

a a notion of catxCA covering A but
contrachibein X

Then A c Bex cat CA1zcat LB

But A nutrient of X cat A eat LX
n
x

cat CA is continuous in A
F E catch E Cate F catch

B

homotopy invariant not quiteobvious
catexuyse cat X catch














































































































817 Lower bound via LS cat

f P 5112 This is how they do
closed it in topology

texbooks
The ELS Assume that Critcf

are isolated

serif
E

cos llnitt.to 3eetcPJse1CI 1
A

Rink canbe strict

cos I lenitttils
pn RP htt

E TE'ta us inequalities
from p 101














































































































Pfa outline

f I IR
with exactly m critical values
en s e em isolated chit f
cover of I by m cowf r.to ptsets

inductively by moving upward

eat I 77.9 ie
Ck is set

a cover of Ib by
k sets

b
E E EE

t IA f

a

Nbpa M

E cx cxd Nae f E b
stable unstable
sets














































































































flow invariant ein aetc b
nbd of Eu

observations

o_O is cotreetible by
upwa.cl dowrwad flow
in a small whd Boe of a

Bse is couth to a

I this contr to a petAE
sein Is

I s Iva is homotopy
2

equiv to Ia Cinco
a cover of Ib C th

induchia
by k i sets A y Ak 1

Together Azz Aa Ah the required
cover of Ib 4














































































































a But how few crit pts
car a function on f have

ten CTa kens Inventiones 1968

dim D is

z f I IR with 1 Crit f It till

Coin eat I e din Pels
4 also know because I CW of dim f h
one selecting disjoint subsets in

a cover

Outfthe pf
o start with fo I IR
a Morse function with one wax one min

sliding handles een have all
critical pts of index k on one

level f CK and

I
coach Cph con shop some

i
um














































































































Ex show tent
Lf Cut is connected

If't
ee

I p b
v
Pick a tree Th e I f Ck

1

a union of smooth arcs
intersecting only at Thorends
homeo to a hee

f as

containing all critical pls ou f eh

f e














































































































Contract all the to pb
Pjfeo PII.pk move previcely

F a smooth creep I I I can
skipfor

s t I I Py I Geo am i's

is a differ If _G Cail

Now f fo G I R
p

is smooth outside X and only 0
at the pub of X

Modify f neen each ni to make
it smooth and have only one

critical ph LTakens Thur 2 7
elementary but non obvious














































































































18 Th moxp eipe

And this is how they do it
in dynamics lealeulus of variations

f I IR anti grad flow
closed meni fold this condition

can besignificantly
relaxed

I a clan of compact
subsets of I closed
under y

230

EI Fix a C Tie C I
F L I Eu3 a

Fix x E H I

F L cycles representing a

Eg images of singular Melffverz
mops T M I s t

T TMI a














































































































set cfi aint EfflA
Mex

minimmexPrinciple I Celts is a critical value1

Rush Versatile important
conditions canbe relaxed
a lot of applications

II a F collection of all pts on I

ft int teas e min't
AEI

F I just one set P itself
eye f naff next














































































































pf oftheminlmaxprinu.pl nearlyobvious

ei fufznaiftla n.is compact

F IA j A is compact

F is closed under yt o

A not acnikcalualue
o.pt by contradiction

I e o T o set

f case Cte s feet eses e e e

compactness e is not a critical value

Cte yt the flow
t e at at

As siaid assume e is not a critical value

take A so4hetmaaxf ce8sete

ceemaxf e e

lTh.e I recite
yttogwuon.at

yiem a














































































































Own next goad is to

illustrate how Mislmex work

by several simple applications
of the Eder

we'll keep on coming back
do it over over














































































































Iq connecting wits LS Theory Lecture m

02 09
critical value selectors

Reviewminimex

This is the first application of
of the minimax Principle
G oal reprove

llenitcfsls.la
roue

critets isolated

cvctSzelcISt

As before By a much more

c flexible constructionfi I in
Aclosed

Fix it the background ring Corfield
H CP Hn CI when a field














































































































Critical value selectors

C theCD H h h D

stick to some construction of the CI as

the homology of C CID
FL LA I A a

Rink A is not neuenevialy a subset of 13
but Her a combination of mopes
to I C Ai M I 02 soup1 chain
and then we mean the Encage of
this map
or it can be literally a subset

pseudo syeles I McDuff Salamon J

OO I

Dede criticalalvalueseleut
Calf CqCfl minimax fan Ia LA 1 EAT ex

eaees a.isamnI1














































































































EI Pelt

a
wig down A by ytro

a fyt till it hangs on a

criticalpt

Def 2o Assume f is mousey
a knifecollection

A E mini A L is CM t

calf max f bei
Mi 40

min

If f is nd Morse approximate elf

by Morse I f and set

calf line
I f

Gets














































































































Example Cem Cf max f

east Cf mint

I I
gift infLal sein Pa H lP

regular

Pt of equ.io 2s Det3 ef IDef
bydetwbwudtft.us worseProperties

mimlmox

Criticality.ee cnA valneot f
monotony f g g pay

dat

cocontinuity I Get Slg 1311 f g co
max If g1Hint

use f e Ege f tee
and monotonicity

and cacti fc2es n an

Cnitcf
Carnot una ke se cont in f














































































































sub additivity a.pe theCD

fqftgseactstcplgstu.to ipTaheg
o

Internet exploration ka
cycles

AI p B an p A fB
G peteg int maxettgile

c Hrp
tobe

e maxffegllanBc AaB
may flat wereglD

Now take inf over all AaB
Can be turned into a pf once cycles
and AaB are defined

is even easier

max flange maxfla














































































































Ptf yY gnaph ws

can assume that f gave Morse
H.M lf H CP AE CM Cf

BE HM G 14 1121 B E cha Lg
A Saiki B Ebiya

enacts entity
Lnp A BJ

2 Aibj slimy

se g
I hibj f 3 15 za

d 22

7 f g
Pick AeBee fwt
calf Max fesci

an
eel toffeed tg ftp.kfcniltglyjl

Then ex.plfig int Max Cftg
e w
k k

E Max Iczn
E maxfeseiltmexglyjl GCbtcp.bg

a














































































































EE Give a direct pf of
using the H CID mod stir on HM H

HM Lt the CI tlM f
a IA p EB X

BA Zai Sei
B A Eai Bise T

Zai t.gg z

ncoseBfdecueesoy
along u 9

a

Core minf E gets s maxf














































































































A more subtle result

tinequality
Assume o enitlf isolated

t.se c p MYstrict
I dont know a very simple pf
Explanations

e eiafomaxfln.la eiaeEor some A
Not essentialI

e max fla and max FLA is attained
at one pt on A entity isolated

idegpl.cn coolim B I

generically
B does not pan throng max of FIA

max ftp.npemaxf A a

Not hard to
mail.tt

p turn into a

A
y

AND a real pf
s
s














































































































New we are readf to e p o

epgpf.itslR
CLS en't Ct isolated

e eleIsI
PI k clef use intersections pronduct

pin in pie
o in H CP

Ipilennecessarily Ept
by PD not reunite

EM IM np EMInpinBa EMInpia nope
do dihoop Li dinfz LE dnk.inPuPrep
c its ectis CultIs di
woof mouf

Kai distinct values a














































































































Refinement

Q what happens when we have an

equality of two chit value selectors

Camp t C Cf
if isolated Ifl n

Eet k emit set on the level
f C e EmpCf e Cf

a BE H I

Prof the restriction of Pdfs eH CI
CEH is to in th K

Ee p IET PD p IE HOLI
HOLI HOCK

onto 0 alwaysI 1 51

and Lap A

Camp f Calf
a

core Ipl n IDC I o

card K continuum cannot be
counteble

cos I euchl E al EI
continuum of crit pts














































































































Rmd Need to be careful about the def
of H K for K could be a very bad
set

1270














































































































so A App 8244713
the Courant Fischer Thm

setting
Coe Ax a IR IR AT A
a quadratic form

1

f Ign 8h IR
Alsoknow as the Rayleigh Ritz quotient

Ica AY g i 17270 IR

then we think of f as IR
X E 2 Xu the eigenvalues of QCor A

Thome Courant Fischer
Eeg

Ty igh.ly Max 1 2 3 To mint
k an next

when 2n 8h27 dim fin space 58k
M conf ntl hotel

JRmh A similar statement for
Hermitian forms ou cents

lsg.ie pt Es
At 243 E IRP














































































































Pf
I eritch unit eigenvectors

cult eigenvalues
PPI

Lagrange multipliers
emit of Q on Ig e sd of IQ exitg
HQ 2Ax CAT A

g 2x g Hall

Q Tg Ax XX 11 4 1

se is an eigenvalue
Then few Que LAX X A

Rush unit eigenvectors ChitCfl
come in pairs In with the
same crit value on

9 Lie Gu Chai Rtl

To check closed under Cft
requires a pflHw
is linen or Rt

If prejotitQlgin to
Need to cheek that it sends
equators to equeboes 1290














































































































minimax int maxth Ma
are critical values

Routine MKEµ
nextpage

Get µ E E Mu i nti 1
Needto check

E son t
egEwEgffliers are among Aj's

g
clear when distinct for a generic Q
µi 2j them pan to a limit

d

Rin Rather than working on
h

could work on rRPh i f c as_text
Then projects to The IRISH

Queenproj subspace71Rpk
In e LRPk L eHiCIRP

Fa e Fa as defined previously
all cycles in da

ai III maxfh.zaie.ua nextla are
WE E f
Io e inn

both sequences
formed by artvalues
genericallydistinct














































































































Fixing the gap all eigenvalues occur

By continuity assume airs are distinct

Assume that one of the eigenvalues
does not oecure

Xi C Ziti
4 11

dei Mit
Two ways to rearou

D As in refinement of Ls
Then crit Q are not isolated

2 By passing to 112pm

Then Q chit is contractible
to IRPi and

Q chit o IRpiti
impossible

13090














































































































2r Hisn
theknivelmaun Thu

The origins of Ls theory is

Thin CLS 1929

tnT 2 has 33 simple
closed geodesics 9embedded

f very difficult
emoself intersection

complete detailed pf Bollmann 1978

Ideasoftpf Ls theory
A smooth embedded loops in

2

2 unoriented unponemehdged

g dise.se
For instance

agreat great circles e N
wrote 17 242nF 3

Gnc3,2 IRP2
2 dim tin subspace

iRp2 N_ Homotopy equiveth
absolutely nor oboes














































































































L N IR the length functional

By def Critch simple closed
geodesics

PL e el CA ol IRP9 2

If we Corell do LS on N
we would have

1 Crit CL l s alCN 1 2 1 3

One can do an analogue of the LS
theory on N C that was the starting pt
for them but this is very difficult

A

1320














































































































822 GeU id.tt ners

the Palais Swale condition

Goals Find a good replacement f on
the condition that I is compact
Too restrictive

B axa ssuwph.eu
I finite dimensional but possibly not

epreferable
o compact

Hilbert or Bausch www.fdd
newer compact

fi I IR sufficiently smooth

Det f satisfies the Palais sua le condition
if

CPS

every seq sci eI s t

1I f exist e and offtqze.is o

contains a convergent subseq

Rink def cries o afire
where 3 a R m din I s ou

D Hilbert
but not when I is Banach

z














































































































Rink Ps condition does not involve
the flow of If One can have

PS satisfied without the flow
Important Ps condition easily breeds down

Dont need anything exotic
co start with f I IR

closed

Is _In La on.it pts
f I IR does not

satisfy the Ps but every7hr7
else is fine Ut is defined

for all t I

se tahini
but xi doesnot come

Fy
ni se F

Upshot change of topology from I top
WHY existence of critical Nb

1340














































































































B exauple appliceh.com ilhashrohiou

Assumptions
f bounded from below
f satisfies PS
The flow fan anti grad litre vector field
is defined for all to o

sf has a critical pt
actually min is attained

et Life 0

toe os see Aitef
E
g x tf

For many purposed as good as If
but more flexible does not needmetre

PI start with some ox and set
2 ik 4kexo k a

Pst bounded from below
eh y crit pt y in

To get min tobe sei si't
fexit in ft Apply this process

and get y
Atty feye inff

Ps
yi y e foyle buff














































































































Baek to Minimex

setting with some case

I as above Tanzi.org Be

a f I IR satisfies Ps

E Iedemifinimiintyjet at1 0

IT is closed under 4
f ou F is bounded from below

inf max fla

Thin
minimax I

e jn nextla is a crit value

EI Take t pts of I in The

previous example

The pt is very similar to the

example














































































































PI Bounded from below e s a
n
IR

Will prove He o F x s t
c e e fore acte I fbest s E

Arguing by contradiction assume that

Kaf cash E when e esfca et E

for some E 30

F A E t s t
Max f IA e Ct e

Cte

4
e

A
e e

UT A
claim it f maxffqqa s C E

Indeed Fe c A

a if fly teal e e e for some
t e o T we are done for

f eaten I 1370














































































































b if c e f cyton Cte
for t.EE EI we have

1Ifcythes I E

fcyte.sc Cte Et

d fc4TnD f Tf
E q2

f cytends CTE 2E
e e

moxflyo.ca se e

a














































































































Past III Geodesics and all that

Toward a dim applications lecture 13
02116

23 Preliminaries

Review of relevant notions from
Differential Geometry minimalist

Mn closed manifold with a fixed
a

Riemannian metric
4

Deff A geodesic 8 Ea.bz M

is a en ve locally minimizing Length
it to t are close to each other

lltl to.tn plated Nlt

Here

eerie fabrittindt of

pep qi int legn p
edenheibs

peg
8th

rRink undependent
of parametrization
on orientation

pT Mis complete 1390














































































































EX

gig

A.EE 15 i ast

a

Rink I compact complete as a R M

any page can be connected by
a geodesic Chop f Ri now This

Ex 3 a minizing geodesic
use Angela Ascoli also will beclean later

In whet follows we will be interested
in two types of geodesoes connecting two
fixed pls p q and closed geoderdes
X 1 M ish 112 21 o D to

8101 84
set sufficiently smooth
A Acpg 8 Io is M 18101 1384 q
N se my

Defee A geodesic is a critical pit of
e n IR

Get geodesoes eouneths p f ete














































































































Pinsk Not quite satisfactory
L is not smooth 124 not smooth

sea g I al notsmooth
But smooth at immersions

Jct o ft

his independent of parametrization
huge sets of critical pb
along with 8 contains Hoy

Eo D

Deff A gyve is a critical
of the energy functional

E i N M

Recal f I R se is a cnet.pt if
dfa o Lof Ca o to

sees dfa.co

Ise f f sees o t
yS S

Selo ze

dope lol v Lof Ca














































































































Def He Cutt E if any variation
of N we love to H

q
As

A
connah'S peg closed.im

ddTs
s o

Should think is

AM a

TyN v f along N t

vanishingat peg
p y

ddsNcs
lb

Lv E Me degfu _d Elms Isaods

Fact geodesics in the sense ofDef 3
also satisfyDefis 122 locally
length minimizing and critical pb
of L unless D pt
and BH 0 for any't
unless R pt














































































































Ead As a critical pt 8 comes with
a natural peremetrizetion
E pics up a parametrize out
8 is parametrized proportionally to
are length to get from ploq
on closeup in time 1

Arelength parametrization

ylcont t I I

settl Likewise toe closed

f
a

flaytht geodesics

P g L ly
7 7 12 parametrized by

µq

e e

ave length o e
rlti yfl.tl

In p Hill l

Ie i It
F on any 8 parametrized by o I

are length














































































































Fait I Eso s t H p q c M

Sinjectivityfwith
pep glee

radius 3 unique mind geyoderve Vp q
connecting p to f WpqI pcpqs
Moreover ftp.q depends smoothly
on CP qleMxM
a

Ii't
p of opIe
T

Rink N is a geodeste in the sense ofDef 3

T.pt acceleration
This is how geodesics are usuallydefined
in R G

Rmd In the next two sections
we follow Bolt's Lectures on M T














































































































24 Closed Geodesics iI Cartan is Tbm

Mn closed Riemannian manifold

Recadi free homotopy classes M

MT

conjugacy clones in T M

it LM I 7 non contractible loops

Thintan T M 1

for any non trivial free homotopy class

fantasy a a closed geodesic in the
I

Idea take the shortest loop in

as this geodesic or minimize E
over all loops in a

minon adjustm tt.tn ug
A continuous piece erase smooth

OPS
Note E Lele are still

defined

1450














































































































Recall 5,8 A ToCA connected
components
in A

N the connectedcomponent 5 3 21

Pf
Geodesic polygons broken geodesics

fytygh.deysesmubeeinj
ad

p
collection of'wpjjh

short edges

In B F Po spa st.juj.radr.cc
h

Pua PCP Pie E E
Pe Po

gives rise to a well defined
element in a broken geodesic gterminology

Every loop u be approximated by
broken geodesic with large k is the

same free homotopy class

Partition to I 1 into
0 42 1,2 ta f te _1 0

2W act 21ha 2How
h y n n

Po p Pu Po Pk
so that pepi active V te ti.ti.is
pi acts














































































































d

T
LP act it

I
broken geodesic F Cpo gl e
co approximating x f
Hematomas pigmetized

it

wavelength

554
pit

Coe Every A contains a broken
geodesic

At x Pk e M xM sat
K

2
ECE pepo P I't pipe 133 E














































































































import
o Eep pepi Pink E

get a broken geodesic g t peep

P.ca
2 g is not necessarily short

any L een be approximated by
AT element in Pn lease
PI Approximated 2 for some k 8

in place of E

Pepi Pia I S
and start subdividing
d a
2 Pin pepigp.ua D S

pepi.gl peg P i dz
Pi

ftp.ypi 5 d2 get replaced by

PLPi.qf petopw 5 ldz.tt T dI
can make the total sum 2 ftp.uspitp
arbitrarily small














































































































Lecture 14
021 28

Instructive relation between ECTS e ELg

CF Ip Cpi Pit
depends on partition and parametrize h o
een be really small off

E g left L Pepi pit

ecf's k.fzf fzl.bg Ecg
overall depends on where P f

if
near

cloth

fees iliummenus

Fwhen parametrized by To is wavelength
on each t.ie at














































































































Rmd Pk approximates Esa in A

very well Chomotopy Cf when K
is large

Upshot Px an Pk Ck large
A
smooth manifold with
boundary i E q generic

P union of somekid connected components
of PK

Idea Replace E by E on Pbs
soon see Cnit E Crit E

closed geodesics
But not crucial

In minimize E on PK.sn

Rmkoef.gg xE
pu c2

E Z O

min Elp Is
o edgy't need r














































































































Lemme Ve Crit E 8 is a closed
geodesic

ea.ie stnm Effs yg giPi
ipf of the lemma ECE's

Piah
Steph P q neon diagonal in Mx M

pep g Ees inj radius
How does pep q changes when we

move P G
x unit tagewb

tie
p pcp.gl

Ex Tepg MxM TpMxTqM
p w w

Xp Yg
2

Leg.iq P 2Kx4YqS 25,4ps p
Put the pf of aside for now
and finish the pf of the lemme














































































































steps

i
z 0

I

summing up for each segment
we get

44g K Eep

Ceti xfe Mi Xi Spi

2In Yi xipi xi.fi 7
F'c evite E xipi x.pe ti

no corner at at Tit
Xi and pouametnizehrey

of the edges watch

Remains to prove 3














































































































Pf of in 212k similar in general
but need a bit

p Xt more D G
of see Milnoris book

get p l
eX
p

Cen anime one ofthe vectors Yp onKof o

eby additivity Say Yp o

q a p o gets qt

µq
x qaq

or I
85 ft Skg

p o phsi kqslf Hq

skqllsddspesjf ddsllq skqkls.ro
2 sq Yg 22Enqu Yg 1191

2 Ext Yq p
xt p

d

1














































































































Rink what happens if Ed 1
The argument goes through
but gives a poiutgeodes.ie

Rusts some argument shows
The existence of a minimizing
geodesic between any two

points

Rink could have worked with E
on Pia just need to be a bit
more careful mean 0Pa

1540














































































































25 CQGeoabesies.IE
2usternik Fet Tmm

Bet what if T.CM _I

F

Thine Lusternak Fet
T 2anon coast closedgeodesic

The argument builds on the machinery
we developed in the pier section
Notes Now N is connected

pf
D First need a bit on top of A
Evaluation map

e a M
o six no

Senrefittion
RISA Sr e ep
Le loops throy pmakeloops advise cos pM

a section pi constant leap sells p
es id e Mah














































































































Fibrotic long exact seq is homotopy gps

ii fr R utica CM 121
I
5 1

es id e S e id
et Ca Ti D Ti LM

Also Till Tite M

loop in R

A A
A

MCM MLB

i I

A Tia M Tism

Tica o for some u

Take min i so fleet HilMj 21 0

Il
Tic M 0

µ iE o














































































































2 Need state exactly how Pu
approximates N

Lemme Fon ang u Z ko such thet

it Die P CA fan is io

Rf Ks Ko

Here we have Pu A
need i TA

n a

The ipt Als 3 c is a Loop
Need to contract it continuouslyLiu T
to a loop in Pu

gna
L

for an individual H
Depending on a sufficiently
fine partition

11
tj

I
t 22 tie I k

the value k to determine by
maxhilt 11 11811 1570
test














































































































Now it suffices to take the same

k for all Ats

mex HddtAts Heo k
Ggp se

I
Risk In this construction and the original one

we did not specify how to
parametrize g
Gu parametrize wavelength

A loops parametrized wavelength

Deform 8 to g with whatever
parametrization refrovametrize














































































































3 Punchline
Take 831 so Alert Ii A o and

Ti CMI o By inD
Tak k so longe feet
Tiepa o exists by 2

F LA PecsA A x o inTilPn
closed under ten positive anti grad
flow for E ou R

E
E E

Eso
O Pu has boundary but it

does not water
Pu Elopu mex

Apply the MinimaxPrinciple for I
Get a critical value attained on some

c ECH aight Max IA Zo
F

Need to know Hut cso

nisuouhiuial.ee

1590














































































































But if not A gets contracted into
court Me Pned by the anti greetflowloops 4

E o A is medpresatedEuM

non P
But A Oishi Pn
and TEC M _O

M minot e

a














































































































26 Infinite dim approach Lecture is
02 23

Recall Very briefly
Sobolev space not cohomology of
H functions on the IR

Abs continuous functions f such teetf is tf
Hilbert space with the inner product

c f g µ
f g Lat Stig

Ruin Ceu also define as
t.gs'm h igiY

e

Different product but equivalent
Likewise f can take values in Pew

Det N H maps D M

f p
closed Riemann

is ats continuous manifold
8 is h

1 ECHR'dt a














































































































Fact N is a Hilbert inevitold
modeled on tics my

Tangent space

Ty A H v f along A

q Lol crabs cont Igo is L
wrI Hiebert space

yb
list so w7masuiwsutsvjYVgwf.rs

Ret Klingenberg Lectures on closed

geodesoes
chap 182 Lex caution

Important
IR is defined smooth

Elm I folksiurat
Elements of a have just enough
smoothness














































































































Key pt one can do basic LS
for E on

steps without pts
Anti grad flow for Tur E
is dehhed on A fort o

E satisfies the PS condition
I

min E is attained on every
connected component
Cerata stheovers

and

minimax holds
Lustenuita Fet tan

In portaut out
E would still be defined if we

required more smooth men for
elements of A Hk Sobolev spaces

But Ps condition would then
break down

1630




































































Hygiene
In all problems of this type
require as little smoothness
as necessary to have the
function defined

Eeg For the action functional
one would love to work
with the

I ueso_tE
tht make things work

E is bounded from below
At every NE Cnit E closedgeodesre

DIE has
finite of neg squies

finite index

five nullity
VeTyE set d Ely EO din Ve

Note e.g fails for the
action functional on HK

Huge difficulties



Rink CBumpy Metrics

In general E or E are not Morse

A closed geodesic X B non dig it
ites non deg as a periodic orbit of
the geodesic flow on its level

DYE is non deg inth Mouse Bout
some

For a CA generic metric all

closed geodesics are won deg
E on b is Urouse

such metrics are calledBumpy Metrics

Anton.ashoainttaffff Iciothoptefurfefte rt

Application rkHaCN Ef.TG.ee
a bump metre hes
a Inany prime geodesics

x
can be eliminated
Grom H Meyer e 73

Not true for Not known of
every metre on 3 hes a merry
prime geodesics



826 A q.gl ato

thneavoeahzquestiousRecap
whet we have learned

M a R M C R m

L TM LR a Lagrangian
gov VDq FixT O

Een fotlcr.si at
EIA IR N I 1kHz M

Crit LE closed geodesics
parametrized by EO.TT
wavelength

solutions of
Igf _o acceleration

Governs the motion of a unit

mass particle confined to M

cantuesternik Fet

Exis e



Other types of Lagrangian s
i 25g v L r r

g Vlq
potential v i m IR on Vi Mx IR
energy 112 521

Same A T

Link I 2in 8 dt
0

crit CL
r M

Toy ITT Force
Governors the motion of a unit mass

particle in M ext force F EY

ter ter g em 9

2 L Cq I zCV 2 V
g

T

ti the same i potential energy
x E R LM magnetic potential
crit CL v IR

Igf IT t FLY 8

Lorentz Force
y



FCq o g ioda Rink only
in g

i w da
F TM 1 M TM matters

G g iodate
toldMagneto field

E a B magnetic field is 1123
co ipscdxadyadz closed

in
11 dud Mexwell
da

FCq o Bxv at of
b co Bdandy in 1123 B lR2 lR

da

FCq H Bo Jo out of

pg
Magnetic fields are
F II

Governs the motion of a unit man unit cheap
particle in M ext force F EI

and magnetic field da

EI Determine the flow on 1122

when D court



3 Move generally
L TM IR s t

on L TM x IR

MITZI Eg

a fibezwse convex
2 013911011 B

b quadratic or super linen
growth as osolexactconditions vary

CTonelli Lagu

Rd when L is time dependent
and I periodic on time
8 I Maltz M same T

Gu set 7 1 but dont wqutt.to

Go al Existence of crit CI

LCM fothesildt
Solutions 8 M of the
Euler Lagrange equation

dafter.si Eger El



Thin Benei 86 sauplezen.lt
it M I sod in every trivial

free homotopy class

it CMI I int many contractible
T perrotti sales Hs

Moreovet L Nr a

this is whetmakes it more ilefresh
In some sets this are distinct

cTooses

Rink no longer beee the ho heon
of trivial const vs

non trivial Cuore cont sol
For geodesic flow get
veparametrization of the same

iterated geodesde
M K N3g

Kitt Mkt NsCt 8 list

1700



Outhept
Fix a background R M
the ti anti grad flow for L is

defined for all t o

D S condition is satisfied
I LM 1 Exactly as Lon

geodesics in 25

minimise La a

it CM _1 To get just one solution
could again just minimize

To get a marry find a seq
of classes

Pk C Hm Aj 1K mu s

P s
minimax orbits the

Morever pus are not supported
in Alee lower energy regions

of A energy for some R M

Putin H LE sea then

for some eh a

Lin a



Rush
A diQA edenergyproblay
sofa we looked for perrodoe orbits
of a fixed period
But one can look for ferrodoe orbits
with fixed energy dual problemand much harder

Amphion
L independent of time

set Higo ftp.v L

Then E L dat In 811 0

Trajectories on An some level of H
www.paet 2 ExO

pen
of unspecified pewee

Qi Find solutions of E Lef
b on a fixed level E e on

some specified levels
much harder

Further refit names
Rabinowitz Beno Figelli Mane
Abbondanelo log



28 G w twopoinb
MouseTheory

Lecture 26
Very briefly
skipping most of R G

02125

Follow i y Mi Luol a great intro to R G

ABmefreviewiexpmape.co poiuts

exp Tp M M

o tweet if geodesicstinkyat p1 11011 with Yolo V

Explus Hold
P
M compact M is complete

exp is defined
if i IR M

and onto

Det q is conjugate to p along A 8ft
if q is a critical value of exp
Ken D exp o at oiq tfe.IS

a multiplicity of q is

dim kerD exp Iv 1730



EI a Th 112717 lattice e.g P eh
F e Z t t Enz

affairs
no conj pts coveringmop IRhalth

Move generally
sectional crew so

no conj pts
with round metre

q p conj to p
along half meridian
Mutt n I

p is conj to itself q p
along whole meridian
mudt n i

p p

11

conj top

i
o y

A conj top
g P V

round Mehre a smell penhubehry
of a round
metric



Sardis

The set of pts conj top has
zero measure in 14

Rink The set of pts couj to p
need not be closed because Tpm
is not compact

core for almost all cp.gs e Mxn
p q are not conjugate

Eg In the round take any
pain so tenet of Ip

ti

1750



Mo oryseAwp_ RandE_
D ACM p g

Pw et

se Io is Ml Vol p rule ofPa
better notation

a

P

E R In the energy
Ent f Fithfdt

r is a critical pt of E if
dat Ects Is o

o Y any variation As
of r

VsLt L e e Eo i M

N s t

p y
Exactly as for closed
geodesics

Fact HE Chit E 8 is a closed
geodesic connertia ptg
and parametrizedbye D
wavelength



Tangent space

Tyr v f along 2 vanishing at peg
y q Think E 9 t

s o

p
r Every roomer from

Ky
Rink We do not make 52 into an

Emf olim manifold This is

just an interpretation

Thehlessiane BHI exp sr

s f i I IR
V We Tet se e Ait Cf

1

Consider e e e xc e.ie's I
nesses

s t U LO O 2C

on
Ts O

o IE Feet
u but

dffcr.io 9 fcucs.si a4oiw2e Seo
Sao

acs.se Eitoulfrexp



Likewise in int dimensions

not Tyr v f along N
q

y Take ucs.si ti et

moats ma

ou

p
Es act

au

El Witi

E.g Ucs s tI expect csvts.tw

set
dzeeo.ws Is

Iud of the variation
and is completely out by Tuf
wha rc.cn EIgsgmmehre
Ken d2pE Lol DIEW w 0 HW
DecritCE is non deg Ker o

indexCpt Max dim V

Tower all T s t
d E ly E O 2780



Thm see Milhorn book

1 p q not conjugate
E is Morse i.e all 8T hit LEI

are non deg Assume
2 index D x conj to p on N

coated with malt
Nz dog

EI index o men

N index n I

finally
h

f Vz index 2 en l

u re o
if ii

pto q to p

cos index 0

1790



Rink closed glodesoes

All the def exeud word for word
Assume M is given a bumpy urethra

Part I of 1hm l is vacuins
Ports is almost but uot true
one has to be careful

Ken 0 but dim Kered

Pins can equip 52 with the stir
of a Hilbert manifold

by considering H paths



Finiteedimappreximetion

Rae M xM the space of all
k brohen geodesics

PEP 2 2with Ip CpiPia E
PEG sutticewths

Smellconnecting P G finite dim weinhold
Fix a fine partition

with

0 42 4C Lt _1

of 1

Is
e Pie 7 a broken geodesic

with g His p
parametrized proportionally
to flee are length
on Eti e ti

Peer

Elp 2 P
K ti ti i

Set ME NERI Elvis e

BE go.ph Elsske



Rink ECM.ee CHECK
Pf f'onsindt fo'usilloddt

e If'lindt f.li dtJk
ElzrjK

so Utd have bounded length

Kmt PE vaygoodqppveiuohde

1820



Prop Mi Luo2 s book
Fix e neg value of E
Asumme that Lti is sufficiently
fine E is sufficiently small
and K is large CDependiy on c

D Pf sse is homotopy eq
In feet PE is a deformation
retreat of re

2 hit CEI Crit Elope
true geodesics from p fo ofwit ladere

3 t see'oh if
Ken dy E Ken d Elp
ind d'fE ind d Elpen

Ontheper
we have proved an analogue
of D fan closed geodentes
ECM Ec replaces coupeothers



2 similar to closed geodesoes

A broken geodesic
can be shortened
of it has corners

3 Need to work out an explicit
formula for DfE Milnor

a

Propp with a bit extra work

EEE
an cinfinite CW complex
with one m cell for each

geodesic fron p to q of index m

Rink could heve worked with
E 2 PepiPia
but the calculation of DIE
is simpler for E
we did not need it Ifheoffs



Application to topology

tlmogyotR

Tepedigreision
Fix p How does Rep q1

depend on qt uot up to homotopy

D Leo is 9141 No pls
fer i se Nco a serve

M fibration

Rcp g er Cq aukeve thee
somebomotogy
type

can teke q p Rep g Rp R
The based Loop speed
this not D The space of free loops
and fit CEI r Ait CE la

geodesic closedgeods res
loops

D O



Rink P is contractible

pf
EE ifietfighfers

Long excites uence o

Tier Tiffs sitism stair ui
I

i 1 Film Ti CR used before

understanding H CR and 11 021
is important in alg topology
Application R for M

I
one geodesic 8

of index kin 11 k 0 lo n

R hes homotopy type of a couplet

without b.in5 h ot.s

e o 1850



1
Core H C j

IF i tech i

a

oHYIIY.ush 2 l g Z

Rinks the same is true when h 2

i e for 2 but the argument
is more involved
Need to show Aunt 9 0 Do



2g AppliIi Bott.si cib
CLE Lecture 17

03 02

TopDigree sion
Facets

e
c Uch VCntz

us at.com seTzc
vcntei1YfLYA

A J
E KE 2N I

sina.ua i itEE
Long exact

ludet
I seq ca

Ia es vent stetten K 2

If of 2 i Venti acts on
24

e
l

and Tech Steb North Pole
Tent Venti 3 A Pt

Ii I
quit Apt

O
r n

u jvlhl suk vcntil ufsm
i

suj.io Lh

Kt L L Intl a

1870



Set D U tent

lip ICHI

I Ffa some n

Te V Ik 0Ch j 2h K

stable homotopy gps

TTU D Tz U O Tz 0 21 Ig 0 0 j

Rink 3 a similar periodicity for Cut
but its 8 periodic more involved

PI Following Milnor

skipping one diff geometry step
Note i can replace ten by 50cal k I

TKO Tk 50

A b itmo utopo.gg
Gmm Zm

m din e subspaces in a

Fact et Comm cam III 0cm

q
is an



Pf 11 Two fibro keens o
a 0cm Iczn

7

eihita.es ot.m w.cmFEEHEahe
ie subspaceswith

n i vcz.ms vemgj o
frames

b Cm em 10cm
if 2h

d
Tecemj Vlm x0cm Gum Lan

IT Gum 2n E Tie 05ms
EE zum d

Lowen dim calculations
T Uch ETI LI I Z KE En i

ng il
i vers stable range

Tz 0C Ertz 5012 O
u

2 43

Bed Tzcany Lie gp O



Now the key part Morse Theory
M couSUCn onVCw

Equip such with the killing metric
bi invariant

On TI SU n in cul Con TEU
L Al A A tu Azo

A B tn ABA

conj invariant nightCon left
translation is bi inv

expCAI It A a A't A't

DCI I SU 2ms SI solani

Lemuel The space of minimizing
geodesics from Ito I
is homeo Lditfeo to Gum22ms

Lemma2_ Every non minizing geodesic
f vom I t I
has Morse index 2Mt 2



Rink I is conj to I
index max olim V

W

dir Etr EI accountig for deg
We I prove them.me I
Lemma 2 Milnor need more diffgeom
sounds reasonable i think of suczm

as something like the sphere
longer geodestes get a lot of conj pts
seethe pts

Lemmas is a Bottas periodicity

IT ALI I SUC2m Ik RI SU 2mi

Lemmas 0511 KE 2M lls
Tbk Grm 2h IT SU Zm

511 KS 2M

Tk SUC2m

using the calculation of Tnt
for kei 2 we learn what this
groups are



Effeminate
h 2ms

t.net exp CTA

A e T such A A 6nA O

A is diagonetizeble by a unitary trout
TA

B AB
o

BE 0cm

Tau

Letes say A itself has this form
i Ta

shut expert to

expend I all aj odd integers

l VA HANDA NAH
I suczm

EP

HaT a

I



7 DA is A minima fig geodesic
all Aj I I

But tvA Taj O n 2M

m of aj 1 m are I

Ruhe Thos r the region to work
with SU 2in but not Tech

Rm
A Le G L E Gunn zu

P span of eigenvectors
with eigenvalue 1

iminimighs
geodesics

Af Gum cam

Rink this also suggests why Lemma 2
is true then laj 133 for at
least one Aj This turns out
to imply a malt conj pts
along such a geodesic CNon obvious



30 Appling lefsehetzkypeapco.ge
Section Thru

Also in Milnon but here we do
a slightly different pf should reallybe in Port I

Recall from complex analysis

F u v is holomorphoe if
n n
Gm e n

Fo J JODI every pt
DF c MmnCE J i

all components of F satisfy CR
with respect to every variable
land F is d

complex meni folds are just like
smooth manifolds but smooth
maps clients etc are replaced by
hot mops

Rmis Complex manifold never love bounderg
either open or closed



E.g c The system of equations
f 1 0 tj eh a hole

gives a complex suburbs
two provided tht df are

liu ind at every pta.me

2 Some tune in Eph when

fj a hour polynomials
we'll also need f CHI Ilfezy
Fact

Mc Rh
udhou Use pu

is Morse on M for all most all

1 e Bih
1

In particular this is true for
complex submanifolds of eh

fait't.to anum

is Morse

In fact we heue proved th
see next page



MelRh hotel _Lago proj to0212
A

ft Kh
1k

what we have shown is Thet

Fou almost all E IRL
f th is Morse on M

Birt
f Ca Il se IR

f en t koCn en se t Luger
sat't r ut Ir fallout

cutter utter is Mouse

can replace 0 by any pit



Thin Mme eh complex submanifold

every critical pt of feakuan
m

eemqif.ie
FeiHTI.et

M hes homotopy type
wwur t ed

Such complexsubmanifolds
Morse theory of have called Steen
Disunion manifolds

tn M m dim M

ethanol.se pNmouit ds
if it did then would be wrong 1IT

Max principle pnej'tof M to any
word is a hot fruitier

M closed f const by mere principle

the anertion is essentially local

Only need to heir a libel

of a critical pt



P fI ofo.gg
slRfcas uxH2jMovse

Calculation
WL OG

pelnitcfl
sen M

P 49 r 1 Np

A lip _I

Lem
TpMcTp

I

uIpiex A
Y eu et

real Im Z Katelynhyperplane

TpMerch cTp
2h I

sis

Mean pi M is a graph of
a map em

n m

2me zu hole

3 17 fm G Gnnd to 2 n

g ee _0 Ksn m
k dg lo O

Gu m 01 1 K



we w z
fCSI 212gal't 21gal I Ej lj 1 j i

Q
Kan m g 5 0437

1gal OC1314
does not contribute to d't

k n m g It LIST
n n

g g Innit Eg
t

H m
a a complex quadratic

1917 It H tie fo m

Q Q Htt 1R4 iR

dff Q t Q.CZ HC2 It teczT
I zRe Itcz

claim index Q S m

To be more precise lR4 Vo V K

and Q vo o octagonal
Q lV O

for Q

dim V dimV



claim

sthnqyotf.fivotou
and dimWotV me

iudlQotQ.IE in

Pfofthedai
Diagonalize H

BHBT
o o

BEEL cnn.cc

L cigarspeed

eigenvalue 0 Q 12 0

L goes into No

eigenvalue 1 L Q R2 Z setiy
Q 2 2Rt EZ 2Re if

set y
se axis goes Euto Vt

y axis goes into V o



PII esgn.tl geomotirical
Real symplectic form or lRm h

w I danadyu I EdzaadEn2

DX X I 2 hedge Yudin

f I 2 seitan E Hui4 4
off I Elseudsentyadsen
J acts on 1 1R2h h

as multiplication by i F file P
J acts on 1 lR2h h

O
as J2 v L Jv

Idf I 2 xudyn yndse.ie I

checking Jdf 10 ae dflJQaol dt0yd
Idf Oyu dfl0yd dttixa

w d Idf on eh 1122



Meek complex submanifold
Ii TM

wfm dlJdflm Hm Tdffm

Liouville v f
X au M for 71M
i w a

20
w w L w dixwtixdw

DX W

The flow fol X stretches wi

uiw etw

X Idf i W Jdf
WH o Df Jo s we J

www.tJWdflw
X w df lw LX def

x t

2020



Punchline

pelnitlf on M Wp

Def cop etcop on TPM 1122W
t O

v We Tpm 44
col Defeo Dfw etcolo w

Vc Tp M be such tht
d'pf1v so

smotefdd
o WET Defoe Dfw o

if 20

on at mostgrow polynomially
as t s

WCDytopytut counot grow exp in

wer w _o V o WET

T is isotropoe

dim V.sn
A

Rink Both pfs don't need non deg
In both cases ind max din v me

gdefile 0



geometrically assuming
non degeneracy

Wscp W stable manifold ofp Fon
X of

if grad flow flow of X

YI wlw etWlw

But yt contracts w to a pt
w
w

o i e w is isohopre

dim we m P

AMN

2



Back to the Lefschetz hyperplace
section than

setting
Musaph complex submanifoldfelosed

u t.by det algebraic
HEP hyperplane

Mt H Matte H

Epley submanifolds in H p

the etwhyp apkueseeh

mthm.itso fouMnHby
attaching cells of dim m

t
T h m.tl tFfksmT

Hm Matt Hm LM both over21J
f

u

2050



If Recall
Phi H Eph I eh holomorphically

B metricallynot literally

Pick Oe Phill genome

3 h Eph S IR suchduet

tn u minh

0JeEd7sItotis3apuohlo1mexh I would do
o ou

h Phi eph l

Heep
htt go f CZI f I 112112

I

t t
a

gpu c ipn

HIM attains min ou Mn H 0

Mouse outside Ms H for a openers
chose of 0

with only finitely menig
crit pts
retweet z



M is obtained from
hee small tub abel of Mn ti

Mn TL

by attaching a cell of
dim index ch at p

for every p e Cnn t Ch on Mymnte

gemit tf on M Nnn
and bud In 2in indult me

n
m a

2070


