











































































































25 Infinite dim approach Lecture is
02 23

Recall Very briefly
Sobolev space not cohomology of
ti functions on the IR

Abs continuous functions f such teetf is tf
Hilbert space with the inner product

c f g a Cfg Lat Stig
Rud can also define as

t.si h Tgi

Different product but equivalent
Likewise f can take values in Pew

Det A H maps D M

T P
closed Riemann

is abs continuous manifold
8 is tf

1 ECHR'dt a














































































































Fact N is a Hilbert inevitold
modeled on tics try

Tangent space

Ty A H v f along A

q Lol crabs cont Igo is L
wrI Hiebert spare
i is
list co w7masviwsutstgYVgwh.rs

Ret Klingenberg Lectures on closed

geodesoes
chap 182 Lex caution

Important
IR is defined smooth

Elm I folksiurat
Elements of a have just enough
smoothness














































































































Key pt one can do basic LS
for E on

steps without pts
Anti grad flow for Tur E
is dehhed on A fort o

E satisfies the PS condition
I

min E is attained on every
connected component
Cerata stheovers

and

minimax holds
Lustenuik Fet tan

In portaut out
E would still be defined if we

required more smooth men for
elements of A Hk Sobolev spaces

But Ps condition would then
break down

1630




































































Hygiene
In all problems of this type
require as little smoothness
as necessary to have the
function defined

Eeg For the action functional
one would love to work
with the

I ueso_tE
tht make things work

E is bounded from below
At every NE Cnit E closedgeodesre

DIE has
finite of neg squies

finite index

five nullity
VeTyE set d Ely EO din Ve

Note e.g fails for the
action functional on HK

Huge difficulties



Rink CBumpy Metrics

In general E or E are not Morse

A closed geodesic X B non dig it
ites non deg as a periodic orbit of
the geodesic flow on its level

DYE is non deg inth Mouse Bout
some

For a CA generic metric all

closed geodesics are won deg
E on b is Urouse

such metrics are calledBumpy Metrics

Anton.ashoainttaffff Iciothoptefurfefte rt

Application rkHaCN Ef.TG.ee
a bump metre hes
a Inany prime geodesics

x
can be eliminated
Grom H Meyer e 73

Not true for Not known of
every metre on 3 hes a merry
prime geodesics



826 A q.gl ato

thneavoeahzquestiousRecap
whet we have learned

M a R M C R m

L TM LR a Lagrangian
gov VDq FixT O

Een fotlcr.si at
EIA IR N I 1kHz M

Crit LE closed geodesics
parametrized by EO.TT
wavelength

solutions of
Igf _o acceleration

Governs the motion of a unit

mass particle confined to M

cantuesternik Fet

Exis e



Other types of Lagrangian s
i 25g v L r r

g Vlq
potential v i m IR on Vi Mx IR
energy 112 521

Same A T

Link I 2in 8 dt
0

crit CL
r M

Toy ITT Force
Governors the motion of a unit mass

particle in M ext force F EY

ter ter g em 9

2 L Cq I zCV 2 V
g

T

ti the same i potential energy
x E R LM magnetic potential
crit CL v IR

Igf IT t FLY 8

Lorentz Force
y



FCq o g ioda Rink only
in g

i w da
F TM 1 M TM matters

G g iodate
toldMagneto field

E a B magnetic field is 1123
co ipscdxadyadz closed

in
11 dud Mexwell
da

FCq o Bxv at of
b co Bdandy in 1123 B lR2 lR

da

FCq H Bo Jo out of

pg
Magnetic fields are
F II

Governs the motion of a unit man unit cheap
particle in M ext force F EI

and magnetic field da

EI Determine the flow on 1122

when D court



3 Move generally
L TM IR s t

on L TM x IR

MITZI Eg

a fibezwse convex
2 013911011 B

b quadratic or super linen
growth as osolexactconditions vary

CTonelli Lagu

Rd when L is time dependent
and I periodic on time
8 I Maltz M same T

Gu set 7 1 but dont wqutt.to

Go al Existence of crit CI

LCM fothesildt
Solutions 8 M of the
Euler Lagrange equation

dafter.si Eger El



Thin Benei 86 sauplezen.lt
it M I sod in every trivial

free homotopy class

it CMI I int many contractible
T perrotti sales Hs

Moreovet L Nr a

this is whetmakes it more ilefresh
In some sets this are distinct

cTooses

Rink no longer beee the ho heon
of trivial const vs

non trivial Cuore cont sol
For geodesic flow get
veparametrization of the same

iterated geodesde
M K N3g

Kitt Mkt NsCt 8 list

1700



Outhept
Fix a background R M
the ti anti grad flow for L is

defined for all t o

D S condition is satisfied
I LM 1 Exactly as Lon

geodesics in 25

minimise La a

it CM _1 To get just one solution
could again just minimize

To get a marry find a seq
of classes

Pk C Hm Aj 1K mu s

P s
minimax orbits the

Morever pus are not supported
in Alee lower energy regions

of A energy for some R M

Putin H LE sea then

for some eh a

Lin a



Rush
A diQA edenergyproblay
sofa we looked for perrodoe orbits
of a fixed period
But one can look for ferrodoe orbits
with fixed energy dual problemand much harder

Amphion
L independent of time

set Higo ftp.v L

Then E L dat In 811 0

Trajectories on An some level of H
www.paet 2 ExO

pen
of unspecified pewee

Qi Find solutions of E Lef
b on a fixed level E e on

some specified levels
much harder

Further refit names
Rabinowitz Beno Figelli Mane
Abbondanelo log



27 G w tuopoinb
MouseTheory

Lecture 26
Very briefly
skipping most of D G

02125

Follow i y Mi Luol a great intro to R G

ABmefreviewiexpmape.co poiuts

exp Tp M M

o tweet if geodesicstinkyat pf v with Yolo v

Explus Hold
P
M compact M is complete

exp is defined
if i IR M

and onto

Det q is conjugate to p along A 8ft
if q is a critical value of exp
Ken D exp o at oiq roe.IS

a multiplicity of q is

dim kenD exp Iv 1730



EI a Th 112717 lattice e.g P eh
F e Z t t Enz

affairs
no conj pts coveringmop IRhalth

Move generally
sectional crew so

no conj pts
with round metre

q p conj to p
along half meridian
Mutt n I

p is conj to itself q p
along whole meridian
mudt n i

p p

11

conj top

i
o y

A conj top
g P V

round Mehre a smell penhubehry
of a round
metric



Sardis

The set of pts conj top has
zero measure in 14

Rink The set of pts couj to p
need not be closed because Tpm
is not compact

core for almost all cp.gs e Mxn
p q are not conjugate

Eg In the round take any
pain so tenet of Ip

ti

1750



Mo oryseAwp_ RandE_
D ACM p g

Pw et

se Io is Ml Vol p rule ofPa
better notation

a

P

E R In the energy
Ent f Fithfdt

r is a critical pt of E if
dat Ects Is o

o Y any variation As
of r

VsLt L e e Eo i M

N s t

p y
Exactly as for closed
geodesics

Fact HE Chit E 8 is a closed
geodesic connertia ptg
and parametrizedbye D
wavelength



Tangent space

Tyr v f along 2 vanishing at peg
y q Think E 9 t

s o

p
r Every roomer from

Ky
Rink We do not make 52 into an

Emf olim manifold This is

just an interpretation

Thehlessiane BHI exp sr

s f i I IR
V We Tet se e Ait Cf

1

Consider e e e xc e.ie's I
nesses

s t U LO O 2C

on
Ts O

o IE Feet
u but

dffcr.io 9 fcucs.si a4oiw2e Seo
Sao

acs.se Eitoulfrexp



Likewise in int dimensions

not Tyr v f along N
q

y Take ucs.si ti et

moats ma

ou

p
Es act

au

El Witi

E.g Ucs s tI expect csvts.tw

set
dzeeo.ws Is

Iud of the variation
and is completely out by Tuf
wha rc.cn EIgsgmmehre
Ken d2pE Lol DIEW w 0 HW
DecritCE is non deg Ker o

indexCpt Max dim V

Tower all T s t
d E ly E O 2780



Thm see Milhorn book

1 p q not conjugate
E is Morse i.e all 8T hit LEI

are non deg Assume
2 index D x conj to p on N

coated with malt
Nz dog

EI index o men

N index n I

finally
h

f Vz index 2 en l

u re o
if ii

pto q to p

cos index 0

1790



Rink closed glodesoes

All the def exeud word for word
Assume M is given a bumpy urethra

Part I of 1hm l is vacuins
Ports is almost but uot true
one has to be careful

Ken 0 but dim Kered

Pins can equip 52 with the stir
of a Hilbert manifold

by considering H paths



Finiteedimappreximetion

Rae M xM the space of all
k brohen geodesics

PEP 2 2with Ip CpiPia E
PEG sutticewths

Smellconnecting P G finite dim weinhold
Fix a fine partition

with

0 42 4C Lt _1

of 1

Is
e Pie 7 a broken geodesic

with g His p
parametrized proportionally
to flee are length
on Eti e ti

Peer

Elp 2 P
K ti ti i

Set ME NERI Elvis e

BE go.ph Elsske



Rink ECM.ee CHECK
Pf f'onsindt fo'usilloddt

e If'lindt f.li dtJk
ElzrjK

so Utd have bounded length

Kmt PE vaygoodqppveiuohde

1820



Prop Mi Luo2 s book
Fix e neg value of E
Asumme that Lti is sufficiently
fine E is sufficiently small
and K is large CDependiy on c

D Pf sse is homotopy eq
In feet PE is a deformation
retreat of re

2 hit CEI Crit Elope
true geodesics from p fo ofwit ladere

3 t see'oh if
Ken dy E Ken d Elp
ind d'fE ind d Elpen

Ontheper
we have proved an analogue
of D fan closed geodentes
ECM Ec replaces coupeothers



2 similar to closed geodesoes

A broken geodesic
can be shortened
of it has corners

3 Need to work out an explicit
formula for DfE Milnor

a

Propp with a bit extra work

EEE
an cinfinite CW complex
with one m cell for each

geodesic fron p to q of index m

Rink could heve worked with
E 2 PepiPia
but the calculation of DIE
is simpler for E
we did not need it Ifheoffs



Application to topology

tlmogyotR

Tepedigreision
Fix p How does Rep q1

depend on qt uot up to homotopy

D Leo is 9141 No pls
fer i se Nco a serve

M fibration

Rcp g er Cq aukeve thee
somebomotogy
type

can teke q p Rep g Rp R
The based Loop speed
this not D The space of free loops
and fit CEI r Ait CE la

geodesic closedgeods res
loops

D O



Rink P is contractible

pf
EE ifietfighfers

Long excites uence o

Tier Tiffs sitism stair ui
I

i 1 Film Ti CR used before

understanding H CR and 11 021
is important in alg topology
Application R for M

I
one geodesic 8

of index kin 11 k 0 lo n

R hes homotopy type of a couplet

without b.in5 h ot.s

e o 1850



1
Core H C j

IF i tech i

a

oHYIIY.ush 2 l g Z

Rinks the same is true when h 2

i e for 2 but the argument
is more involved
Need to show Aunt 9 0 Do


