











































































































Parti Lusternihschnirelinann
Theory Lecture 9 02 02

c short
15 Introduction

veg
or 1

setting f I R Pa tea
closed

Q Get a lower bound on 1 crit Lfsl
without non degeneracy

Underlying idea both Morse 8 Ls

ftp.ahfsepj emit pts between a e b

But mouse LS procees this Cheryl
differently
Red LS is more versatile and

better adapted to higher dim

generalizehears

In dim Cru Mouse is deeper














































































































Comparison Examples

I Mouse IS

2 2

Eg I 2g 2 3

ai
I
don't
know
this yet

12mL In general 25 is very fon
from sharph
Bet any I eclosed admits

f I 9 IR with
1 ChitLIYE nti CTakens

sharpness of horseTheory
Diff topology Poincare conj

h cobordism
ete

Nextel Droving IS lower bounds

stat with a very traditional approaches
in topology Eeg FomenkoDabnovin Novikov














































































































ftp.calpreliwiuev iesi
L vye cup leugth

X a reasonably good space

Dfef LS category of X closed or

eatCx min Lkl x Ai open

where Airs are contractibleto pt in X

Ai est Rnib A i.sn nob

need not be connected
beinjective pt
EI cats hj z

see later

cats IRP or Eph E nti

eat 52gal 3
it Mo

iii IT

f A3 0

Rink eat CX is in general very difficult
to determine Upper boundsin

expl constructions














































































































Lecture 10

more generally 02104

X n dam CW complex
eat X E ntl

Pf same argument i proceed intuitively

Al sonote homotopy invariant

102
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connected
Det the cup length of X over F

ell X max Lkl 3 a e H't 9 1
re U 2K 0

clearly of clex e dim X
when X is a manifold

Rink depends on the ground fieldto a more general notions n

EI et _I
el IRPhou Gpu n

w
for212 any field

el Tn n ai does
2h

X I closed synpleihic
el CR or L dimI ai Ew's

et Zg 2

More generally I closed PD
cl CI 2 over 21

when Hi CI o over anything
sis u

when orientable














































































































Rink Usually elCX is not so bad
to calculate pretty primitive in

1Prod cat X el 1 3 11
iRunk the gap een be huge but

a 4
examples are not easy
to construct notationsmeuifolds

you think about atthis level
ConExe cat CRP on Eph n ti

Pf
claim A ex contneekible to apt

H CX A 14 4 soonto

Rine In de Rhem H cXA comes from
forms vanishing on A

PI ofthe claim
CACX cone oven A e X

t ca o a
Xu AxEo D Axt a 1 pt

HEX Al HEEcam
essentially by definition














































































































ft A X contraction to a pet
fo A X

f CA pt
Define F CA X X

F se se tou see X
F art ft ca
i

ITeacxsFi
id Si F idiuH Cx

4
it is onto a

Pf of Prop Assume hecoirhronye.g

nod.it
eel X 3 eat X

ng

contradiction
to

X A u UA contr in X
d u ru Xia 7 0 in 14 30 X
j t

in µ soLx AiLi Lu

Recall tix A HMXB titch AOD

E g think diH form vanishes a AaB














































































































O L u v Lu I u u In O

unn n

H X H CX Alu uAa o

X

Ret Handbookof AlgTop
4

Discussion Edited by I M James
LS eat is a peculiar wolves

not quite happy with itself
some things to keep in mind

Not monotone Xcx at CHE cette

a a notion of catxCA covering A but
contrachibein X

Then A c Bex cat CA1zcat LB

But A nutrient of X cat A eat LX
n
x

cat CA is continuous in A
F E catch E Cate F catch

B

homotopy invariant not quiteobvious
catexuyse cat X catch














































































































817 Lower bound via LS cat

f P 5112 This is how they do
closed it in topology

texbooks
The ELS Assume that Critcf

are isolated

serif
E

cos llnitt.to 3eetcPJse1CI 1
A

Rink canbe strict

cos I lenitttils
pn RP htt

E TE'ta us inequalities
from p 101














































































































Pfa outline

f I IR
with exactly m critical values
en s e em isolated chit f
cover of I by m cowf r.to ptsets

inductively by moving upward

eat I 77.9 ie
Ck is set

a cover of Ib by
k sets

b
E E EE

t IA f

a

Nbpa M

E cx cxd Nae f E b
stable unstable
sets














































































































flow invariant ein aetc b
nbd of Eu

observations

o_O is cotreetible by
upwa.cl dowrwad flow
in a small whd Boe of a

Bse is couth to a

I this contr to a petAE
sein Is

I s Iva is homotopy
2

equiv to Ia Cinco
a cover of Ib C th

induchia
by k i sets A y Ak 1

Together Azz Aa Ah the required
cover of Ib 4














































































































a But how few crit pts
car a function on f have

ten CTa kens Inventiones 1968

dim D is

z f I IR with 1 Crit f It till

Coin eat I e din Pels
4 also know because I CW of dim f h
one selecting disjoint subsets in

a cover

Outfthe pf
o start with fo I IR
a Morse function with one wax one min

sliding handles een have all
critical pts of index k on one

level f CK and

I
coach Cph con shop some

i
um














































































































Ex show tent
Lf Cut is connected

If't
ee

I p b
v
Pick a tree Th e I f Ck

1

a union of smooth arcs
intersecting only at Thorends
homeo to a hee

f as

containing all critical pls ou f eh

f e














































































































Contract all the to pb
Pjfeo PII.pk move previcely

F a smooth creep I I I can
skipfor

s t I I Py I Geo am i's

is a differ If _G Cail

Now f fo G I R
p

is smooth outside X and only 0
at the pub of X

Modify f neen each ni to make
it smooth and have only one

critical ph LTakens Thur 2 7
elementary but non obvious














































































































18 Th moxp eipe

And this is how they do it
in dynamics lealeulus of variations

f I IR anti grad flow
closed meni fold this condition

can besignificantly
relaxed

I a clan of compact
subsets of I closed
under y

230

EI Fix a C Tie C I
F L I Eu3 a

Fix x E H I

F L cycles representing a

Eg images of singular Melffverz
mops T M I s t

T TMI a














































































































set cfi aint EfflA
Mex

minimmexPrinciple I Celts is a critical value1

Rush Versatile important
conditions canbe relaxed
a lot of applications

II a F collection of all pts on I

ft int teas e min't
AEI

F I just one set P itself
eye f naff next














































































































pf oftheminlmaxprinu.pl nearlyobvious

ei fufznaiftla n.is compact

F IA j A is compact

F is closed under yt o

A not acnikcalualue
o.pt by contradiction

I e o T o set

f case Cte s feet eses e e e

compactness e is not a critical value

Cte yt the flow
t e at at

As siaid assume e is not a critical value

take A so4hetmaaxf ce8sete

ceemaxf e e

lTh.e I recite
yttogwuon.at

yiem a














































































































Own next goad is to

illustrate how Mislmex work

by several simple applications
of the Eder

we'll keep on coming back
do it over over




