











































































































5 Some alg topology CW complexes

References Any goodalg topology
book e.g Hatches

Attaching a cell procedure
X a reasonable top space

metrizable compact or toe
compact I

y I X cont mep

Def Y Xu Dh j 8h ID
t closed ball

isobt aimf xby.attaohyann.cl into

dougyYXuD x yeses
a

EIOD I
This is again a reasonable toy space
In what follows we are interested
is spacesLmaps up to homotopy

290














































































































Ex Fait yo y chomotopie
eHatehe

p x l
changing y within its homotopy
clan does not effect the homotopy
type of XuyD
Det A plex or a cell complex

isobteredively from
finite collectionof pts

byaItaiugee increasing
dimension
Xo C X C c Xin X

graph
where Xm is obtainedfromHk by attaching
one or several k cells

Rink Here all cell complexes are finitefinite of cells

One is allowed to skip steps
X X Kil

dim X is wax in that occurs














































































































Ex
h

pt xD obvious
IRP pt 131 154 Dh hoteliore

o Qph pt D2 4 2 not standard

as
Th I D

o Ige D

Tgs
dim X L x is a graphdef

more generally a simplicial complex
is naturally a CW couplet and
k cells k sinleels

A good ref for this the neo

is Derbrovin Fomenko Novikov Port ET














































































































Prod X CW coplex Y XuyDkt
Y has hourtype of a CW complexIt

anietweoh
have eenisot

higher dim attached after Lowe dim

Xo C X C cl kcXka C C X

et Ii
Ned Y k

Idea a Z 313
top epee ball
space

y
k Z ten

3 up Z y sat

YC 4 n B of

0














































































































Then use induction

Xn u Bhi uB open balls
Push y outside Bhs ete

s'ome minor corrections

Bhs Z replaced by
F D Z sat F B Z homeo

closed ball n ou Eb

F CD4 is a unicea DEBT image
compactification of 13h

Need to know that
F z p uc JEE

I FoRoyan Yad e B
v

defined pet yC 4B

Ee cheeky e O y y Rhomesggg














































































































I.no rueiug euaol
we are here 4

k Dh kor.to
Pee no curve canuotbe_clbySavds

BirtFydyeco
dos_etots.t.LIl 4B Bh

idea approximate y by a smooth mop
or rather a map uhh is smooth
on the port mopped to 13h

Details Dc Bh a slightly smaller
closed ball

µ

K connect

YCODE 13h

a y
k

z s tB
J y t

µ y outside B
ish

jiff
y y inside B

they
ii y v B D y4 4

to the Weierstrass to construct y A














































































































II some AlgTopology CW complexes

Homologysetting
TFground field e.g HI on 21

X a CW complex
ki k dim cells i l tie

free v s Cmodule over IF

generated by eki

Key pt is a

o co E C Cz Cut O

s.t.tl CC 9 H CXj IF
suppress in
nothin

Coustfd Assume 21

Note a Xk1Xµ j

bouquet of ti k spheres
labeled by eis er

want to delined de'T
F

www.ftohow
aeY j2mije I are 350














































































































Attaching crop for e'T
yp.DK 7 X Kil

U u incidence
4913 X FEEFI g K

UT X xklxk i V.sk

psi
mij deg.ly f Z collapeiyothen

spheres

Rurik For other Fds take the image
of Mij under 2 IF














































































































Altermetivelyandmoretformally

Ck H Xk1x 57 FK

Consider XIX z Xia 1 21 k spheres
A B

Then A B E Xk1X Lory exert seq
H B H CA HalAIB H fB 2
k k k k i

g
ca ee c

so we have a connecting map in the toy
exact seq and this is

A ftp.CXK Xk i SHk iCXk i Xk

In whet follows it is more convenient to
break it down into two steps

D HisCXKIXK.cl Hk CXk Hk CXk IX k 21
Connecting mop
in LES fan Xk Xk ed 370














































































































Lemma 02 0

Not difficult but not entirely trivial

PI suffices over 21
inspired

N

write XE X dx e By starting with htt

D
aX X k Xk c

Hk Xin Hk Xie Hk Xf the CX I He lXI HS 8

ex T T

Long exact sequence for Xx Xx

Hk Xy HK XI Hulk I
Xk Xket

e

TEO I














































































































Ex Prob lem f see e g DEM

X isasimplicial complex

X is a CW complex simplices cells

two chain complexes

CIAA Ciw Mewl
simplechain conpl complex intro above
some generators

Prove that Oa Dew a

3














































































































K Yt X CW complex

Denote M 0 Cx H C 4,0
could possibly depend on the CW str
Xo CX C c Xu _X

tum H X H
homotopy inv

Lauer of Hom yeun pref

Pf induction in dim X

Assume done for dime njdimoeleehwkauotwnk.ae euume

Heflin t wCX HM I HEYXml
K II K E TH

than 4 1 1 H l
n tf Had

No obvious mop 11 1 1 1471 1
metonym diagram commute

Instead a bit more subtle argument
still purely formal
uses only axioms for the

z














































































































Actual pf X Xin

First Kote Fon k s n i

Halx Hk Xm long exact seq
K e induction

Hannah Heflin by def
Need to do ke n l n fo Xn X
LES for Xu il O

S o
Hulk Hn a tln ilxn.it Hunk Hm

Cn ZE

Hulx Ken8

Human _Keno Hut n
4 Hulk lt Hn LXxhI

JCn Cn c
LES for Xu Xu 2 IF

Mone

d
Hn ilxn.i ottnilxn.it 2Hn i III 3

H
O Cu e

Kad kenaf Hn ifxwalZI.TT
H Huw

Cn i














































































































um un ITI HI ex

Ee e work out the details
I skipped

EI use cw str to calculate

H Eg
IEeg f
F z

H QPM It O F O O IF
0 I 2 3 2h I 2h

H sippingAI E Fa
O h

H IRP 21 Hardly














































































































87 Mainthm MouseInequalities
a

f I IR Moyse
closed moni fool
write Ia Hea

Thin a se s b the only evil value
in to to

f
where k index

cos I has homotopy type of a CW

complex with one cell for each

f
sainte's IE i i

v














































































































Ige
T aeowplexce.in ith

aEEEuEE.iiTe
V gang field
lore Movseinequalities

t.enitftllzdimttklpj.tt be
oh

candimly irk the Ij Z

ref.ua Ieeqnelities over

set hctt a zdimFTpj.tkddmctI2lCritkcf t.tk
v TT
Prod a a pol ret with weft o

such that

met t as
e q q g µg

Cen Een ca I bis Pf set te i
in














































































































Pfofp rop
This is a purely algebraic fact
Complex CK CK dimer

Hk be dim the

LemmaEx_ A complex over a field
can be decomposed as a direct sum

of elementary complexes

o E o ou
Essential

EE u o Knot
For elementary complexes ME

obviously hold
Additivits general case a

Rink Can replace I by Ia
everywhere

Ou even Naef b If a

Need to take rel homology














































































































B PfoftheM hm

and further refinements
hadlebodies

some prelimary pts
can assume a _e Es es exe _b
so Thet 2f a L f Is are very
close to It Cf
For the sake of simplicity assume

only one critical pt on If _c
Call it ope k indeps
General case similar

Fix a mouse chart v heon p
and a Riemmanian metrics Euclidean
in

X I fI defined on outsideritpts

cut off function near pi
F h

neon p
1 Pio

Replace X by h X cut off below a

to get vid function off q
of other critical ps














































































































the flow of X is defined for all
times

Outside 0 yb a B Pa

Pa f LL
I f e e

i c
wax

Ipa
0 f e

Fyb auf by
f c e

y
a CI Iau nbd of asteble

manifoldof p
DK r

Baud's r

r














































































































i

fitifa IEIE
I

4

In fact we proved much more

AILachinghaudies
smooth analogue of attaching cells

consider X manifold with

H Dk xD K k handle
boundary

0 H
k xD

h K.uDk h K

y
k Dh K X differ

Y Xu H top manifold withe
cen be made smooth














































































































7

IEEE I
isha

D
per smoothas

ax
corners

ox.IEEti.XPa
Is as

4

FIE
x

xD 2 X

attacking along

xD 2 what we proved is

ihm Pbkivnpa.by
kEhiffoafikaehEkle.tonerero

fee














































































































Need to know that MorseLeuchter exist
Cos A closed smooth inenifold has

a handlebody decomposition

Rude Do not require k handles to be
attached before kel handles bet
this can also be achieved

EI Ig is obtained from D2 by
attaching 2g l handles and
one 2 handle

RmI Why Morse Lemma doesnot matter

Near a non deg critical pt p o

fCx Que Roses
non deg reminder
dff dominates R

If IQ IR
completely dominates TR

smooth and top picture of f mean p
is completely determined by Q

I

A some local dynamics














































































































9 AG Q Applicel.io
Di faewhalTopology

then
shippiydetails

tremors h
ies

touudersteudthes.hn mauifo2ds

strategy stoutiy with f I IR
Morse

try to simplify f to get a few hitch
as possible 8 as simple as possible
handle body decomposition
Background assumption I has a

Mouse function to prove later

Lowen bound to how simple f can be
mouse inequalities

Det f is perfect if 0 0 in the
associated complex levitytil b
In reality one should also worry
about in the background

Ex
y

perfect Fetfeatimorktitura
are we














































































































Ideally we want to start with some

f and then modify it to nuke it
perfect but this is rarely possible

Two preliminary steps always work

E
Gm modify f to kill extra
Mex's mis's fo mobe sure

only one wax mire

HU

EEE Gu move lower index pts
below higher index pts
f ad stays index finally
C sliding handles
similar to ow complexes

Beyond these two steps things
get tricky and one has to

impose extra conditions

Rd J Milken Lecturesouchee h cobordism
thin














































































































Applications
a classification of closed surfaces

Elementary see e.g Hirsch 1
but tedious

2 The Poincare conjecture seemilnovy
pish I onboomhany other

homeo sources
n 5

ftp Yoriewteble
Them Fon every closed 3 manifold I
3 y Eg a diHeo s t

H P MqmIs
I µ solid body with

µ m g handles Me2g
SI y














































































































Outline of the pf
f I 112 Morse with one mob

and one mile

and index 1 below index 2

Poincare Duality lait Chile 1 Crit.LA
to be discerned later

Mex

x J index2

iii
min

Passing throng every pt of index I

attaching a 1 handle

oviewtebyilits A.ATA no y ne

y g
just above mis
03














































































































Ifs c is a solid body
with some g headles

similarly for Hae
CReplace f by f

New I Hee u Ifac
a M

foundYjidalifaution

Rd This does not lead to an

classification of 3 ineuifolds
Problein impossible to tell

when 4 Ig 2 and y Ig I

give rise to the same E














































































































4 Thin I admits a Morse function
with exactly two critical pts

I Euuos.me Aeo

pf Ow tliue
id l

B

442
Bh

0

Morse lemma f get E 13h
f Ei g i3 2134

f eo.kz Ipg g
ditteo

noontpb
f ie eye D D

b Now we have two copies of 13h
a drifter I DIIutehingD BhuyB Mpa map

BY

UBU 540














































































































a claim y toadif
In

Bh Bh Knot true

Ex
D DeFeo

in senorae

I
claim ye xlenhomeol.lvB 513 always true
1hm I E use radial Note

homeo
se

LI 464
y

YLy
a

550




