











































































































Morse Theory Math 232
2021W

i lectured
A fe bouttheead.si

Not on canvas email Zoom links
02 05

Post lecture notes
record and post videos
No exams on 12W

But mention problems in class
Presentations E optional

the end of the marten
No textbook discues sources below

Prerequisites The manifolds sequenceBasic Differential Geom
o 6 homology














































































































Textbooks and other sources

remorsetheory by Titab Kee
IpseforeLectures on Morse theory

old and new R Bolt
BAMS I l1982 331 3580 Rec Floen

Many Diff Top booksHirsh Eon.mg aDjboNouihoy theory

Riemannian Geometry and
qeocnfaeptnzftnaoYYE ketooms.tme.ee Latter
a Floes
MouseTheory and Floen Homology
M A u din and M Damian 2014 Theory
Lectures on MorseHomologyA BahYaga and D Hurtubise 2004

In mid 8Os a new way of thinkingabout mouse Theocracy Floes theory
was developed
It is actually a variant Csabset
of Mouse theory but it has influenced
the theory as a whole
Own teetment in this clan will
be modern based on this newperspectivebut we probably only briefly touch
upon Floen theory as such














































































































Suggested Topics for Presentations

Morse NovikovTheory Erman

Morse Bolt Equiv Morse Theory

moresewntnheefkfyfofwospfffdiesmilno.es book thrilnor

Mouse throng for closedgeodesicsand LustermikFet than I Do is notes 0 Bolt
Convex Hamiltonian systems
Periodic orbits a la Ekeland
Fadel Rabinowitz p f ofWeinstein conj in the convex case
h cobordis th m Cmi Inoa Appl to
Lefschetz hyperplane7hm top alg

Bolt periodicity gym
geometry

cover E

Hamiltonian circle actions
symplectic geometry calculation
of homology a la Eph ete














































































































whet Morse theory is about

I a reasonable space
eg finite or in f dim manifolda closedmanifold spaceof closedloops
orpaths with fixed pts

f I IR reasonably nice smooth funk
eg a generic smooth function on

a smooth closedmanifold or

length or better energy
x fiseidt

Goal relate critical ph of fto the topology of IF homology on
homotopytypeNotptsettopology

E.g Lowen bound ou I Critity
in terms of H I
In particular the existenceof en'tCt
How do we know 3 at least one

E g existence of closedgeodesics

conversely understand the top of p
Le g H CID via the shr
of f and in patience Crit f

more into
Notes many hugely important objets inmath in physics are critical

pts of some functional f variational
principles














































































































PaetIimtry fon
fiz di mmewifolob

s.ee P MicYd compact OP o

can be relaxed

f I IR ks 2 usually a

crit Cfl Lp I dfcp
the set of fcp o H X ftp.P

critiolpt
q on produce a meaningful

itch
81 Motivation Examples

Ed I emit ett 132 not very interesting

3 mex men

re IRM

Pim e But here we can already look
at some interaction with top
whet tf 1 crit f 1 2

crit t Lurex min

Fact I Eomeosth but not necessarily
differ

AReturn to this later














































































































Ex closed
surface Inn

2 height function

pecnitcf TPI is horizontal

Mex Mex p Mex

D Ez

µt gy saddles

min
P Zo 2 Q mis

4
m upmby

6

These au

ieoowplessuqges.lythat I tP Egt R 2t2g
surfed dim the2gof genusg

wish














































































































Notte e other teen g o

Butalmost

EE F f F Ig IR

with exactly 3 art pls when g I

sphere 2 g o 2

Eobvious
construct such a function

qthwtgfftei

ttiwticoHap.se all 2g Sadd es Endo
me monkey saddle

Ex a

smfh like Rez2Gt I

Is
was
f const x monkey

Rule This f is not a height function
Battunetonabroad elanof
functions Mouse functions

key definitionsE p 8














































































































Rink Such a function f connote

EI be the composition

Eg
1123 IR

embed

But it can be

2qz.IR ZslR but not Eg
Ref c From Elijah
projectenelid.org euelid.ijm11256050732
T Bane hoff F Takers

Height functions on surfaces with
three evitical points Illinois J Moth

19 1975 325
335

7














































































































52 BaskDehiuihaes ma.ae uchous
ez and the strategyf P IR

w

p e Crite ft

Def The Higa of f at p

dy f TpIxTpI IR directional
derivatives

viol L L f Icpv w
couldbe it

F To eat of od w to v f heon p
E T Need to check Independent of FTo
I FewAPI
Prod a well defined Iud of Traut

b symmetric
c In local coordinates the ordinary

diff co w If
hessian

being
P riWj

where 0 2 rife w E wife
D Coe Xu local eooal

nee n p














































































































Rmd Condition p e Cri't is ees al
otherwise dff is It well defined

E OHcps o I a coordinate system
Cxc syn X

nee n p s t

f Cx X
In feet one 66 mehe fCx X t QGe

T
anythinghigherorders

pf.es a b

the dumbest and simplest way to
prove the prop

Proving e i

Laf ZTgf j functionsj of se
e

who ftp gLowjlp94e lIf oEpf o

n ee

E Ed 5 faith t
Vi Wj

Tsing more advanced tools of
calculus on manifolds














































































































aeoE.fr
tHiLgLwfLqLuf heg.wzf

dflew w I

0 p
Again the condition dfp O is essential

coordinate free pf a i

Already know that dff is synemehr
Need to show Icp o dp'ttow o

But djfcw.TK Lallyflips o

Iepends only onFcpSenko
a














































































































EI
pne pint
f projection to some direction

e g sent coordinate

Locallyp o
I graph f

foes III tightest

the best quadratic
approximation of f

a normaldinette
B

Tpp
Iohemseffeetendemechee

if Ip TpPxTpP IR

I graph f
ser y Kut Local cord on I

in

Rh














































































































t u s

PE Arif Cf

Det P is irate it
dff R non degenerate

b The Mov x Coz just index
of p in the index of dept

o indpf E n the of neg have
diuP squeezes when

dfpfexft.tk xeI xn

c f is more if all hitch a

non degenerate

NItio.nl Criticf crit pts of ii des k
DI 2

EI e

Tao
Max inD 2

I o u

I

i

A
O

P c 1123

EE A Monkey saddle is degenerateunless k I














































































































Goat
the criticalpts of a mouse

function to the topology of I
In particular prove
MouseInequalities
llcnitz.ch3dimHnCIT

strategy

Yo
this

inmd.hfiefekm.IE T

and looking at how the topology of
Ife 03 changes with e

Reims
Howdo we know Morse
functions exist on I

ottsaeehnoug.com
mon

g














































































































3_ Regular value intervals lectures
01 07

key pt nothing happens to Hee as

long as e remains regular
To be more precise

f I IR

Tompact or f is proper
a b e IR contains no critical

values

Pvop H.se is ditteo to Heb
Rink only wetters that

j f
is

PI Use anti gradient f low
key tool in Morse theory

Fix a Riemannian metric on I
TpPxTp R

symmetriespos def
If i of df
It foe is orthonormal basis at p
metric E doe p

Tf is c f is CZ














































































































Same as

If Cpl 28 Cps on IR
1

1 ff df Ctf If of k 112

X If
Titus Lx f I

y
t the flow of X local existence If c

ddt f cytcoes f Case I
N

r f e

f decreases alongthe flow linesof with unit speed

it iii it
ditteo

Techies
compactness yt is defined for all t
a b regular If o ou f fo b

Rink whet to change when only f ta b

Ex
is compect

f Ea bi compact f tha e D coupe it

Replace x by g X

IT aint emotion
Iii














































































































4 Morse Lemme

Answers the question of what
happens at critical pts
But actually more significantthan the't

Prop CMorselen ema fee

Is i i ir
fcpsiEtzd2pfjk
iudpfIuods by a local change of

coordinates near P one can eliminate
higher order terms is theTaylor exp off
Rmd Going from d2pf to XF xftxk.it

is simply diagonalizelieu ofdffliner algebra

ph the mouse index is the

only local invariant of a non deg
critical pt two wit pts withthe same

same index are locally differ














































































































Morse lemma gives a local picture
of whet f looks like near

a critical pt of index bn

Exampled
To be used fee

c n 2 12 0 fCx3 xftXz2
t

min
Ceo

f e
2 n 2 k I text if saddle

is iKane
3 h 3 k 2 I x XI xf

f E














































































































Peddie of independent interest
Lemma Hadamard

in

J
fi.FI R fcol o

ofI gi IR Is 112 gilo o

fCx E g Lx Ki
near 0

Rink can replace 112 by a steam strapped
domain

attempts what doesnotquite weak
n I f Cx x g Ges g e ch

l

D f isrealanalytietGc Aot A X ta X't

a X ca t a X t I x g se

gun converging

But in general the Taylor exp
neednot converge
itAny powerseries is the T expof some function Ex

if it converges neednot conu
to f

E g It can be identically zero














































































































2 Capitalizing on the assumption
that n I set

gcse
fChloe se o

f o se 0

Need to show thet g is ch 1

Not entirely straightforward
EI Rone f c get

f c g c

RI The condition that
f is Cl

is essential to get g e i

E g tex Y3 anddefined at 0

gas not defined
at 0

g o














































































































Pf 1 FTC
fNI f ex Cf dat f Ctx dt foes Leo

chavince
g se f'etoadt

I
se fo f Cta dt regex

n

The3 IE
FTC

f case I did fitoesdt
O

t Izietoodfinitt at

fo fi ietxsIiidt
E.oeifo'fIa.ltsesdt

gibes Chi

Again at 0 an
seigila gicolffm.la














































































































n en
Cion Assume f IR IR h 2

If co
Cr z

trig 112 IR s t

e f Cx f co
Zg hey

Ge King

hij o
0 Co
onionj

PI Apply Hadamard's Lemma twice

Rude hoj hji but we douit
need this














































































































PftIm e

The question is local can work in 112

w 7 0 f co O

f i CIR o 112 In reality interesbee
p in germs
nbd of 0 e 1124

f ex Qese Rex remainder
a

diffcog the Hessian

want a diffeo
yo To fu o

abds of o

Q

Homotopy method i important
Moser ref to syrup geom

class
e g the pf of
Doubourethue
Moser's them 1

But the pfof mouse Leucine is
a bit harder














































































































ideas D set ft QttR
l t Q t f

t E o D

Looking for a family of diffeois
Yt neon 01 yo id

seemingly a
set t.iq Q ifeng.it met

2 Instead of looking for It look
for a generating time dependent v f

Vt t E o i

day 4 teas of Cyteses

Differentiating in t

ddtf.io4 0
FTC

daft ques LeftHead o

I Iff t Loeftp.fm.seApplyYI
ow just yaytext














































































































WEI solve for 02 10 WV
Notation f case ex Rec suppress t

t

fexs a zxixjgg.CH fa
Messias a Rij

I xisejaijt seixjRijb.cl
Gcs Rex

underdetermiµ
Qc R

y

y
Exisejaijit 272g Bij

probably
equal1 b

seise RijGc T.ggeivjl2aij tlRijtRjiltSOM Mrl
just

seise Rojas Egri rjl2aij
22aR.IE

ugazo

Ej Kj Rijos 22 aijttfhijbe.tlOj

systemof linearFilm equations at cost
ius n n














































































































2tag ftp.ujcnl matric Atlas
D at O

F Atif Athos Hessian

F non deg

non dogfor Tete D
and all se neev O

set yeas A't bell Get
Nuance e impozlet need tomake sure

yt is defined for te Ee D

Yet Iniquenen is localists
0 61 0 o O

tuGet 2 sejkijb.es
O at 0

Beam the existence time is lower
semi continuous

yo nd at se O

25














































































































PictorialPtoftowensemicontinuity

y'Ty

domein

Main ft ytly exists and is close to

ytcx as long as te o T

H y is close to a

s

25h0














































































































Digression Broader Eoutext Lecture 3
No malt m Igul.ie Func ious

Consider a class of objects 113

a a matrices linear transf
b a symmetricmatn f quack forms
c o functions near a pt p o e IRL

with an equiv relation coming from
a gp action word changes

a A M B AB i

b o A e BA DT
Ces e f ans fo y y diffeo near p

yeps p
Normal form A simple form
roughly 9 all for some objets
speaking can be brought to

E.g Ca Jordan normal form
b a diagonal matrix with Il on 0

on diagonal
whtabouts
Is there a normal for me

for functions near p
Not really but YES
under additional conditions














































































































Fact dfo o p o

a cat seals of flak X te nee e

This is Ex on p 9
In other words all funchides
with dfp o are equine feet to each
Her Cup to a coast

Nextstep Focus on fincheswith

dfp o

Mouse Lemurs Normal form

p.ro Ahtd2pfB non deg
the only invariant is thouse index

One can go further and study
whet hoppers Jhene d'pf degenerates

EI For hot functions of one variable
Ex the normal form is Zktc
For smooth functions the
situation quickly becombes complicated
subject singularities of smooth

functions














































































































c
EI f IR IR near o

f o f 1
o O

fck o 0
near O

F a change of variable 41112,012
Hopley t

y
k at

Hint use Hadamard's Lemure

The situation becomes much more

involved when u I

see 4 Arnold Varchenko Guseis Eade

Poff

Hadamard fcxs txh.gex geo o

xgc
K k

y UH differ a

xgcx
y glo 40
Tl


